Slovenian Team Selection Tests 1997

First Test

1. Circles.#; and %5 are externally tangent to each otherfaand are internally
tangent to a circler” atA; andA, respectively. The common tangenti# and
o atAmeetsZ at pointP. Line PA; meets’#; again aB; andPA, meets %,
again atB,. Show thaB;B, is a common tangent of; and.#5.

2. Find all polynomialg with real coefficients such that for all real

xp(X)p(1—x) +x3+ 100> 0.

3. LetA1,As, ..., Ay ben > 2 distinct points on a circle. Find the number of color-
ings of these points witp > 2 colors such that every two adjacent points receive
different colors.

Second Test

1. Let P be a point in the interior of an equilateral triangd8C. The lines
AP, BP,CP meet the sideBC,CA, AB in the pointsA;,B1,C; respectively. Prove
that

A1B;-B1C,-CiA; > A1B-B.C-CA

2. The lattice points of an x ngrid are to be colored red or blue in such a way that
each unit square has exactly two blue vertices. How mangrgifft colorings are
there?

3. Letpbe a prime number aralbe an integer. Prove that if2- 3P = a" for some
integern, thenn = 1.
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