22-nd All-Russian Mathematical Olympiad 1996

Final Round — Ryazan’, April 19-20

Grade9
First Day

1. What numbers are more numbered among the integers frorh@@D00: those
that can be written as a sum of a square and a positive cubdeyse that cannot
be? (A. Golovanov)

2. The center®;,0,,03 of three nonintersecting congruent circles are situated at
the vertices of a triangle. From each of these points one gitamgents to the
other two given circles. Suppose that these tangents digeetonvex hexagon.
The sides of this hexagon are alternately colored red ared Blrove that the sum
of the lengths of the red sides equals the sum of the lengttiediieToidssn)

3. Letx,y, p,n,k be natural numbers such thdt+y" = p*. Prove that ifn > 1 is
an odd number and an odd prime, then is a power ofp.
(A. Kovalji, V. Senderov)

4. In the duma there are 1600 delegates, who have formed 1&g0mittees of
80 persons each. Show that one can find two committees haviegs four
common members. (A. Skopenkov)

Second Day

5. Prove that the arithmetic progression with the first teremd the common dif-
ference 729 contains infinitely many powers of 10. (L. Kuptsov)

6. In an isosceles triangBC (AC = BC), O is the circumcentell, the incenter,
andD the point onBC such thatOD andBI are perpendicular. Prove that the
linesID andAC are parallel. (M. Sonkin)

7. Two piles of coins lie on a table. It is known that the totaights of the two
piles are equal, and for any natural numkeiot exceeding the number of coins
in either pile, the sum of the weights of tkéneaviest coins in the first pile does
not exceed that of the second pile. Prove that for exer\0, if if each coin (in
either pile) of weight at leastis replaced with a coin of weight the first pile
will not be lighter than the second.

(D. Fon der Flaas)

8. Can a 5< 7 board be covered bly-trominos (i.e. figures formed from ax22
square by removing a corner unit square), not crossing iis dary,
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in several layers, so that each square of the board is colgribd same number
of trominos? (M. Yevdokimov)

Grade 10

First Day

1. PointsE andF are taken on sidBC of a convex quadrilater&lBCD such thaE
is betweerB andF. Suppose that BAE = Z/CDF andZEAF = Z/FDE. Prove
that /FAC = Z/EDB. (M. Smurov)

2. There are four counters on a coordinate plane, centerpdiiris with integer
coordinates. One can translate a counter by the vectomdieted by the centers
of two of the other counters. Prove that any two preselecteohters can be
taken to the same point after finitely many moves.

(R. Sadykov)

3. Find all natural numbernsfor which there exist coprime numbetsandy and a
natural numbek > 1 such that 3= x4+ yX,
(A. Kovalji, V. Senderov)

4. Prove that if nonzero numbeaig, az, . . ., any satisfy for eactkk =0,1,...,n(n<
m—1),
ap + 2Xay + 3¥ag+ -+ mfan =0,
then the sequena®,...,an contains at leash+ 1 pairs of consecutive terms
having opposite signs. (O. Musin)

Second Day

5. At the vertices of a cube are written eight distinct ndtatembers, and on each
edge is written the greatest common divisor of the numbats ahdpoints. Can
the sum of the numbers at the vertices be the same as the shmmirnbers at
the edges? (A. Shapovalov)

6. Three sergeants and several soldiers serve in a platb@sergeants take turns
on duty. The commander has given the following orders:
(i) Each day, at least one task must be issued to a soldier.
(i) A soldier cannot have more than two tasks nor receivettg®s in the same
day.
(iif) The lists of soldiers receiving tasks for two diffettetays must be different.
(iv) The first sergeant violating any of these orders will &ised.

Can at least one of the sergeants, without consipiring aighothers, give tasks
according to these rules and avoid being jailed? (M. Kulikov)
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7. A convex polygon with no two sides parallel is given. Foecleside we consider
the angle the side subtents at the vertex farthest fromdee Birove that the sum
of these angles equals 180 (M. Smurov)

8. Goodnik writes 10 numbers on the board, then Nogoodnitee/d0 more num-
bers, where all the 20 numbers are positive and distinct.@adnik choose his
10 numbers so that, no matter what Nogoodnik writes, he aan 1® quadratic
trinomials of the formx? + px+ g, wherep andq run through all the written
numbers, such that the real roots of these trinomials taketkyx1 1 vdtubafiov)

Grade 11

First Day

1. Can the number obtained by writing the numbers from & éme after another
be a palindrom? (N. Agakhanov)

2. Several hikers travel at fixed speeds along a straight rbasiknown that dur-
ing some period of time the sum of their pairwise distancemasotonically
decreasing. Show that there is a hiker, the sum of whosendissato the other
hikers is monotonically decreasing during this period.

(A. Shapovalov)

3. Show that fom > 5 a cross-section of a pyramid whose base is a regudam
cannot be a regular+ 1-gon. (N. Agakhanov, D. Tereshin)

4. Problem4 for Grade 10.
Second Day

5. Are there three natural numbers greater than 1 such teaghare of each of
them, decreased by one, is divisible by each of the remaminggh&sfvanov)

6. In an isosceles triangBC (AB = BC), CD is the bisector of angl€. The line
through the circumcenter &BC perpendicular t&€€D meetsBC atE. The line
throughE parallel toCD meetsAB atF. Prove thaBE = FD. (M. Sonkin)

7. Does there exist a finite skt of nonzero real numbers, such that for any N
there is a polynomial of degree at leaswith coefficients inM, whose all roots
belong toM? (Ye. Malinnikova)

8. The numbers from 1 to 100 are written in an unknown ordee @ay ask about
the relative order of any 50 numbers. What is the smallesthaurof questions
needed to find the order of all 100 numbers?

(S Tokarev)
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