19-th All-Russian Mathematical Olympiad 1993

Fourth Round

Grade9
First Day

1. If aandb are positive numbers, prove the inequality
a’+ab+b*>3(a+b-1).
2. Find the largest natural number which cannot be turneddmultiple of 11 by
reordering its (decimal) digits.

3. PointsM andN are chosen on the sidé8 andBC of a triangleABC. The seg-
mentsAN andCM meet atO such thatAO = CO. Is the triangleABC necessarily

isosceles, if
(@) AM =CN?
(b) BM =BN?

4. We have a deck af playing cards, some of which are turned up and some are
turned down. In each step we are allowed to take a set of deards from the
top, turn the set and place it back on the top of the deck. Whtita smallest
number of steps necessary to make all cards in the deck tdowed, indepen-
dent of the initial configuration?

Second Day

5. Show that the equatiot + y* = 4(x%y + xy? + 1) has no integer solutions.

6. Three right-angled triangles have been placed in a lzadéptietermined by a line
[, each with one leg lying oh Assume that there is a line parallelltoutting
the triangles in three congruent segments. Show that, if eathe triangles is
rotated so that its other leg lies dnthen there still exists a line parallel to
cutting them in three congruent segments.

7. LetE be an arbitrary point on the diagoC of a rhombusABCD, distinct from
AandC, andN, M be points on the lineaB, BC respectively, distinct fronA and
C, such thatAE = NE andCE = ME. LinesAM andCN intersect in poinK.
Show that<, E andD are collinear.

8. Number 0 is written on the board. Two players alternaténgisigns and num-
bers to the right, where the first player always writes either — sign, while
the second player writes one of the numbe 1 .,1993, writing each of these
numbers exactly once. The game ends after 1993 moves. Téieacbnd player
wins the score equal to the absolute value of the expres$i@mined thereby on
the board. What largest score can he always win?
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Grade 10

First Day

1. PointD is chosen on the sid&C of an acute-angled trianglBC. The median
AM intersects the altitudeH and the segme®D at pointdN andK respectively.
Prove that ifAK = BK, thenAN = 2KM.

2. Problem 2 for Grade 9.

3. Solve in positive numbers the system
1 1 1 1
Xi1+—=4 X+—=1 -+ Xgt+-—=4, Xoo+_-=1
X2 X3 X100 X1

4. Each citizen of towN knows at least 30% of the remaining citizens. A citizen
votes in elections if he/she knows at least one candidateeRhat it is possible
to schedule elections with two candidates for the mayortgfiso that at least
half the citizens o can vote.

Second Day

5. Problem5 for Grade 9.

6. Prove that

\/2+ \3/3+---+ }71993< 2.

7. PointsM andN are taken on the sid&C andCD respectively of a parallelogram
ABCD. DiagonalBD meetsAM atE andAN atF, thus cutting triangl&MN into
two parts. Prove that these two parts have equal areas ifrapdf the pointK
given byEK || AD andFK || AB lies on the segmerMIN.

8. From a square board 10@QL000 four
rectangles % 994 have been cut off as
shown on the picture. Initially, on the
marked square there is @ntaur - a
piece that moves to the adjacent square D Y Co
to the left, up, or diagonally up-right
in each move. Two players alternately
move the centaur. The one who cannot
make e

a move loses the game. Who has a winning strategy?
Grade 11
First Day
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1. Find all natural numbersfor which the sum of digits of 5equals 2.

2. Prove that, for every integar> 2, the numbe[(é/m- vVn+2) 3} +1is divisible
by 8.

3. PointO is the foot of the altitude of a quadrilateral pyramid. A sghwith
centerO is tangent to all lateral faces of the pyramid. PoifstB,C, D are taken
on successive lateral edges so that segm@Bt8C, andCD pass through the
three corresponding tangency points of the sphere withaibest Prove that the
segmenfD passes through the fourth tangency point.

4. Given aregulari2gon, show that each of its sides and diagonals can be adsigne
an arrow in such a way that the sum of the obtained vectord&gew.

Second Day

5. The expression® +...x°+...x+--- = 0 is written on the blackboard. Two
pupils alternately replace the dots by real numbers. Thedupil attempts to
obtain an equation having exactly one real root. Can his nppbspoil his
efforts?

6. Seven tetrahedra are placed on the table. For any thréwiof there exists a
horizontal plane cutting them in triangles of equal aredsvsthat there exists
a plane cutting all seven tetrahedra in triangles of equedsar

7. LetABC be an equilateral triangle. For an arbitrary lindaroughB, the orthog-
onal projections oA andC onl are denoted bip andE respectively. ID # E,
equilateral triangle®DEP andDET are constructed on different sideslof~ind
the loci of P andT.

8. There are 1993 towns in a country, and at least 93 roadg goinof each town
(to another town). It is known that every town can be reacheuchfevery other
town by roads. Prove that this can always be done with not niane 62 trans-
fers.
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