16-th All-Russian Mathematical Olympiad 1990

Final (Fourth) Round

Grade9
First Day

1. Among 25 apparently equal coins 3 are fakes. All true cban& equal masses,
and so do all fake coins, though these are lighter than tleecines. How to find
six true coins by two measurings on a balance without weights

2. Numbersa, b, c,d, p, q satisfy the relatiomb -+ cd = 2pg. Show that ifac > p? >
0, thenbd < ¢?.

3. Annx n chessboardn(> 3) is given. In each step it is allowed to change the
colors (from white to black and vice-versa) in some four sgadorming a fig-
ure congruent tq:E\:, . Is it possible to change the colors of all squares of the
chessboard by several steps?

4. There are 1990 points inside a square with side lengthrteRhat there exists
an equilateral triangle with side 11 which contains at |d8&& of these points.
Second Day
5. Find all positive values dd for which both roots of the equatia?x? + ax+ 1 —
7a? = 0 are integers.

6. From am x nsquare a k 1 corner square has been cut off. What is the smallest
number of triangles into which one can cut the obtained figure

7. CirclesS; andS; intersect at pointé andB, with the cente© of S; lying on S;.
A chord AC of S intersectsS, again atD. Prove that the segmen@D andBC
are perpendicular.

8. Among the sides and diagonals of a convex pentd@S@DE there are no paral-
lel segments. The sid&B is oriented towards the intersection point of likB
andCE; the sideBC is oriented towards the intersection®E andDA, the sides
CD,DE, EA are oriented analogously. Prove that there always existstdes
directed towards the same vertex.

Grade10
First Day

1. Prove that for any positive numbexs, ¢ the following inequality holds:

Vab(a+b)+ v/be(b+c) + y/ca(c+a) > v/(a+b)(b+c)(c+a).
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2. There are 100 points inside a circle, none at the centdreotitcle and no two
at the same radius.

(a) Prove that there exists a sector of the circle with thérakangle of 21/11
containing exactly 10 of the given points.

(b) Does there necessarily exist a sector of the circle wighcentral angle of
2711/11 containing exactly 11 points?

3. Four circles are situated inside a convex quadrilateici shat each circle is tan-
gent to two adjacent sides and two other circles. If the qledral is circum-
scribed around a circle, prove that at least two of the fowoles$ are congruent.

4. The triples(Xn,¥n,zn), N =1,2,... are constructed as follows:

=2 y1=4, =5
2Xn . 2Yn - 2z,
X%_lv Yn+1— y%_la Zn+1— Z%_l
(a) Prove that this process can be indefinitely continued.
(b) Will ever occur a triple{Xy, Yk, z) with X« + Yk + zc = 0?

Xni1 =

Second Day

5. Several positive numbers are written such that the sutreafpairwise products
equals 1. Show that it is possible to erase one of these ngrsbéhat the sum
of the remaining numbers is less thai2.

6. CirclesS; andS; intersect at pointé andB, where the centdd of S, lies onS;.
A chordOC of S intersectss, atD (betweerO andC). Prove that poinb is the
incenter of the triangl&BC.

7. Is it possible to write the natural num- O00000O
bers 1 through 21 in the cells on the O0@MBO
picture, such that in each row but the OO0
first, each number equals the abso- OO0
lute difference of the numbers standing 00O
above it (for example; = |a— b|)? O

8. Let be givem distinct vectors with the following property: For some raiu
numberp, the sum of anyp of these vectors has the same length as the sum of
the remaining — p vectors.

(a) Prove thatifp # n/2, then the sum of the given vectors is zero.
(b) Is the sum of the vectors necessarily zerp # n/2?

Grade 1l
First Day
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1. Problem1 for Grade 9.

2. Prove that in each triangle with sidas,c, corresponding angle& B,C and
perimetermp, the following inequality holds:

acosA+bcosB+ccosC < p.

3. Given 8 unit cubes, 24 of their faces are painted in whitttae remaining 24
faces in black. Show that it is always possible to assemlasetitubes into a
cube of edge 2 on whose surface there are equally many whidtdlaok unit
squares.

4. LetABbe a chord of a unit circle of length less tha®. A line| forms an angle
of 45° with the line AB and does not meet the circle. Construct, by a ruler and
a compass, poir€ on| for which the segment®E andAB are perpendicular,
whereE andD are the intersection points of segme@fsandCB with the circle.

Second Day

5. Find all positive integers,y satisfying *—3-2Y = 1.

6. PointsD andE are taken on the sidésB andBC respectively of a triangl&BC.
Pointsk andM divide the segmerDE into three equal parts. If the lind3K
andBM intersect the sidA&C at T andP, prove thafTP < %AC.

7. The basis of a pyramifJABCDE is the regular pentago®BCDE. The footM
of the altitudeSM of the pyramid lies inside the pentagBCDE. Assume that
the radii of the circumspheres of the tetrahe8veAB, SMBC, SMCD are equal.
Does it follow that the pyramid is regular?

8. In each cell of a rectangular board there is a positive rarmbhe sum of ele-
ments in each row is computed, and the product of these sudenited byP.
Prove that, if the numbers in each column are rearrangeceimtiteasing order
from the top to the bottom, then the prodiin the new board does not exceed
its initial value.
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