
Romanian IMO Team Selection Tests 1996

First Test

Time: 4.5 hours

1. Let n > 2 be an integer andf : R
2 → R be a function such that for any regular

n-gonA1A2 . . .An,
f (A1)+ f (A2)+ · · ·+ f (An) = 0.

Prove thatf is the zero function.

2. Find the greatest positive integern for which there existn nonnegative integers
x1,x2, . . . ,xn, not all zero, such that for anyε1,ε2, . . . ,εn from the set{−1,0,1},
not all zero,ε1x1 + ε2x2 + · · ·+ εnxn is not divisible byn3.

3. Prove that if the set{cos(nπx)+cos(nπy) | n∈N} is finite for some real numbers
x,y, thenx,y are rational.

4. LetABCD be a cyclic quadrilateral and letM be the set of incenters and excen-
ters of the trianglesBCD,CDA,DAB,ABC (16 points in total). Prove that there
are two setsK andL of four parallel lines each, such that every line inK ∪L

contains exactly four points ofM .

Second Test

Time: 4.5 hours

1. Let A and B be points on a circleC with centerO such that∠AOB = π/2.
Circles C1 andC2 are internally tangent toC at A and B respectively, and a
circleC3 is externally tangent toC1,C2 atS andT and internally tangent toC at
M. Determine∠SMT .

2. LetC be a circle with centerO. A line d intersects the circleC atC andD and
the diameterAB of C at M so thatMB < MA andMD < MC. The circumcircles
of AOC andBOD intersect again atK. Prove thatOK is perpendicular toKM.

3. Leta be a real number andf1, f2, . . . , fn : R → R be additive functions such that

f1(x) f2(x) · · · fn(x) = axn for all x ∈ R.

Prove that there existi ∈ {1,2, . . . ,n} andb ∈ R such thatfi(x) = bx for all real
x.

4. The sequence(an)n≥2 is defined asan = p−1
1 + p−1

2 + · · ·+ p−1
k , wherep1, p2, . . . , pk

are the distinct prime factors ofn. Show that for any integerN ≥ 2,

a2+ a2a3 + · · ·+ a2a3 · · ·aN < 1.
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www.imomath.com



Third Test

Time: 4.5 hours

1. Letx1,x2, . . . ,xn−1 (n ≥ 3) be nonnegative integers such that

x1 + x2 + · · ·+ xn−1 = n,
x1 +2x2+ · · ·+(n−1)xn−1 = 2n−2.

Find the minimum value ofF(x1, . . . ,xn−1) =
n−1

∑
k=1

k(2n− k)xk.

2. Letn andr be positive integers andA be a set of lattice points in the plane such
that any open disc of radiusr contains a point ofA. Show that for any coloring
of the points ofA in n colors there exists four points of the same color which are
the vertices of a rectangle.

3. Find all primesp,q such that 3pq | α3pq −α for all integersα.

4. Letn ≥ 3 be an integer andp ≥ 2n−3 be a prime. For a setM of n points in the
plane, no three collinear, letf : M → {0,1, . . . , p−1} be a function such that

(i) exactly one point ofM maps to zero, and

(ii) if a circle k passes through distinct pointsA,B,C ∈ M, then ∑
P∈M∩k

f (P)≡ 0

(mod p).

Show that all the points ofM lie on a circle.

Fourth Test

Time: 4.5 hours

1. Let x1,x2, . . . ,xn be positive real numbers andxn+1 = x1 + x2 + · · ·+ xn. Prove
that

n

∑
i=1

√

xi(xn+1− xi) ≤

√

n

∑
i=1

xn+1(xn+1− xi) .

2. Letx,y,z be real numbers. Prove that the following conditions are equivalent:

(i) x,y,z are positive and
1
x

+
1
y

+
1
z
≤ 1.

(ii) a2x + b2y + c2z > d2 holds for every quadrilateral with sidesa,b,c,d.

3. Let D be a set ofn concentric circles in the plane. Prove that if the function
f : D → D satisfies

d ( f (A), f (B)) ≥ d(A,B) for all A,B ∈ D ,

thend ( f (A), f (B)) = d(A,B) for all A,B ∈ D .
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4. Let n ≥ 3 be an integer andX be a 3n2-element subset of{1,2, . . . ,n3}. Prove
that there are nine distinct numbersa1, . . . ,a9 ∈ X such that the system

a1x + a2y + a3z = 0
a4x + a5y + a6z = 0
a7x + a8y + a9z = 0

has a solution(x0,y0,z0) in nonzero integers.
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