Romanian IMO Team Selection Tests 1996

First Test
Time: 4.5 hours

1. Letn > 2 be an integer anfl : R? — R be a function such that for any regular
n-gonAsAy... Ay,
f(AL) + f(A) + -+ f(An) =0.

Prove thatf is the zero function.
2. Find the greatest positive integefor which there exish nonnegative integers

X1,%2,...,%n, NOt all zero, such that for arsf, &, ..., & from the set{—1,0,1},
not all zero g1x1 + &%z + - - - + &%y is not divisible byn3.

3. Prove thatif the sdtcognmx) + cognry) | n € N} is finite for some real numbers
XY, thenx,y are rational.

4. LetABCD be a cyclic quadrilateral and le# be the set of incenters and excen-
ters of the triangle8CD,CDA, DAB, ABC (16 points in total). Prove that there
are two sets?” and.Z of four parallel lines each, such that every linethu .Z
contains exactly four points of7.

Second Test
Time: 4.5 hours

1. Let A andB be points on a circl&” with centerO such thatZAOB = /2.
Circles 1 and %> are internally tangent t& at A and B respectively, and a
circle ¢3 is externally tangent t@, 4> at SandT and internally tangent t&” at
M. DetermineZSMT.

2. Let%¥ be a circle with cente®. A line d intersects the circl& atC andD and
the diameteAB of ¥ atM so thatMB < MA andMD < MC. The circumcircles
of AOC andBOD intersect again &. Prove thaOK is perpendicular t&KM.

3. Letabe arealnumberani, fo,..., f, : R — R be additive functions such that
f1(X)f2(X) - fo(x) = ax” forall x € R.

Prove that there existe {1,2,...,n} andb € R such thatfj(x) = bx for all real
X.

4. The sequend@n)n>2 is defined asy = p[1+ p§1+ st p;l, whereps, p2, ..., Pk
are the distinct prime factors of Show that for any integed > 2,

a+ayaz+---+apaz---an < 1.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



Third Test
Time: 4.5 hours

1. Letxy,Xo,...,X,—1 (N > 3) be nonnegative integers such that

X1+Xo+--+X-—1 = N,
X1+ 244+ N—1)X-1 = 2n—2
n—-1
Find the minimum value of (xg,...,X,_1) = Z k(2n — k).
K=1

2. Letn andr be positive integers anél be a set of lattice points in the plane such
that any open disc of radiuscontains a point oA. Show that for any coloring
of the points ofA in n colors there exists four points of the same color which are
the vertices of a rectangle.

3. Find all primesp, g such that fq | a3P9 — a for all integersa.

4. Letn > 3 be an integer and > 2n— 3 be a prime. For a sé of n points in the
plane, no three collinear, lét: M — {0,1,...,p— 1} be a function such that

(i) exactly one point oM maps to zero, and

(i) if a circle k passes through distinct poirsB,C € M, then Z f(P)
PeMNk

0
(modp).

Show that all the points d¥l lie on a circle.

Fourth Test
Time: 4.5 hours

1. Letxy,Xo,...,Xn be positive real numbers and, 1 = X1 + X+ - -- + X,. Prove
that

n n
ziv X (Xn+1—X) < \/an+l(xn+l —Xi).
i= i=
2. Letx,y,zbe real numbers. Prove that the following conditions arévadent:
. . 1 1
(i) x,y,zare positive an(% + y + e <1

(ii) a®x+b?y+ c?z> d? holds for every quadrilateral with sidasb, ¢, d.

3. Let Z be a set oh concentric circles in the plane. Prove that if the function
f: 2 — 9 satisfies

d(f(A),f(B)) > d(AB) forall ABe 2,
thend (f(A), f(B)) =d(A,B) forall A,Be 2.
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4. Letn > 3 be an integer and be a :”-element subset of1,2,...,n%}. Prove
that there are nine distinct numbexs. .. ,ag € X such that the system

aiX+ay+azz = 0
ax+asy+agz = 0
a7x+agy+agz = 0

has a solutiorixo, Yo, 2p) in nonzero integers.
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