Romanian Team Selection Tests 1992

Selection Test for Balkan MO

1. Suppose that : N — N is an increasing function such th&tf (n)) = 3n for all
n. Find f(1992.

2. For a positive integea, define the sequendg,) by x; =x; =1 and
Xni2 = (8% + 484 2)Xnp1— Xn—2a%,  forn> 1.

Show thatx, is a perfect square and that for- 2 its square root equals the first
2 n-2
a‘+1 a )

entry in the matrix( 1

3. In a tetrahedroABCD, let B',C’,D’ be the midpoints of edge&B, AC, AD and
let Gy, Gy, G, Gy, G be the barycenters & D, ACD, ABD, ABC, ABCD, respec-
tively. Show thatA, G, Gy, G, G4 lie on a sphere if and only i, G,B’,C’, D’ lie
on a sphere.

4. Letxy,%p, ..., X, be real numbers with & x3 > Xp > -+ > X, > 0 andx? + X3 +
3¢ =1, If [Xg + X2+ - - +X3] = m, prove that

Xp+Xo+ - +Xm> 1

First Test for IMO

1. LetS> 1 be a real number. The Cartesian plane is partitioned irgiamngles
whose sides are parallel to the axes of the coordinate systethwhose vertices
have integer coordinates. Prove that if the area of eaalgiligaf at mostS, then
for any positive integek there exisk vertices of these rectangles which lie on a
line.

2. Suppos@y,ay,...,a, are distinct positive integers such that thesBmse;a; +
-+ &nan (& € {0,1} for eachi) are pairwise distinct. Prove that

LA R T
a3 a an 2n-1°

and find when equality holds.

3. Letbe the set of points in a plane afd T — 1 be a mapping such that the
image of any triangle (as its polygonal line) is a square. wstimt f(m) is a
square.
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4. LetAbe the set of all ordered sequencas ay, ...,a;1) of zeros and ones. The
elements ofA are ordered as follows: The first elemen{@s0,...,0), and the
n+ 1—th is obtained from th@—th by changing the first component from the
right such that the newly obtained sequence was not obtdiefxe. Find the
1992-th term of the ordered sét

Second Test for IMO

1. LetO be the circumcenter of an acute triangBC. Suppose that the circumra-
dius of the triangle iR = 2p, wherep is a prime number. The inesO, BO, cO
meet the sideBC,CA,AB at A;,B;,C;, respectively. Given that the lengths of
OA1,0B;,0C; are positive integers, find the side lengths of the triangle.

2. Letmnb itive int b i ber. Show thats—— P2

. Letm,n be positive integers anplbe a prime number. Show tha m
is an integer, then it is a prime number.

3. Let the sequencés,) and(b,) of positive integers satisfy
ap1=ha,+1 and by 1=nb,—1
Show that these two sequences have only finitely many term@immon.

4. Letm,n> 2 be integers. The sidégoAom andAnmAnp Of a convex quadrilateral
AgoPomAnmAng are divided intam equal segments by poirkg; andAn; respec-
tively (j = 1,...,m—1). The other two sides are divided inteequal segments
by pointsAip andAim (i = 1,...,n—1). Denote byA;; the intersection of lines
AgjAnj andAjpAim, by Sj the area of quadrilaterdjA; j 1A 1,j+1Ai+1,j and by
Sthe area of the big quadrilateral. Show that

2S

SitS-1-im1-j =

Third Test for IMO

1. Letx,y be real numbers such thaklx? — xy+y? < 2. Prove that
(@) g <x+yt<8;
(b) X" +y*" > % foralln> 3.

2. In a tetrahedroABC, let| be the incenter and’,B’,C’ be arbitrary points on
the edgesV,BV,CV, and letS;, §,, &, S, be the areas of triang|®BC, VAC,VAB, ABC,
respectively. Show that poings, B’,C’,| are coplanar if and only if
AA BB’ cc

awatgydtoyS=3S-
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3. In the Cartesian plane is given a polygghwhose vertices have integer coor-
dinates and with sides parallel to the coordinate axes. $hatf the length of
each edge of” is an odd integer, then the surface&f cannot be partitioned
into 2 x 1 rectangles.
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