
Romanian Team Selection Tests 1991

Selection Test for Balkan MO

1. Suppose thata,b are positive integers for whichA =
a +1

b
+

b
a

is an integer.

Prove thatA = 3.

2. Let A1A2A3A4 be a tetrahedron. For any permutation(i, j,k,h) of 1,2,3,4 de-
note:

- Pi – the orthogonal projection ofAi on A jAkAh;

- Bi j – the midpoint of the edgeAiA j;

- Ci j – the midpoint of segmentPiPj;

- βi j – the planeBi jPhPk;

- δi j – the planeBi jPiPj;

- αi j – the plane throughCi j orthogonal toAkAh;

- γi j – the plane throughCi j orthogonal toAiA j;

Prove that if the pointsPi are not in a plane, then the following sets of planes are
concurrent: (a)αi j; (b) βi j; (c) γi j; (d) δi j.

3. Prove the following identity for everyn ∈ N:

∑
j+h=n
j≥h

(−1)h2j−h

(
j
h

)

j
=

2
n

.

4. A sequence(an) of positive integers satisfies(am,an) = a(m,n) for all m,n. Prove
that there is a unique sequence(bn) of positive integers such that

an = ∏
d|n

bd .

First Test for IMO

1. LetA1, . . . ,A5 be five points in a plane such that the area of each triangleAiA jAk

(1≤ i < j < k ≤ 5) is greater than 3. Prove that one of the trianglesAiA jAk has
an area greater than 4.

2. The sequence(an) is defined bya1 = a2 = 1 andan+2 = an+1 + an + k, wherek
is a positive integer. Find the leastk for which a1991and 1991 are not coprime.
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3. LetC be a coloring of all edges and diagonals of a convexn−gon in red and blue
(in Romanian,rosu andalbastru). Denote byqr(C) (resp.qa(C)) the number of
quadrilaterals having all its edges and diagonals red (resp. blue). Prove:

min
C

(qr(C)+ qa(C)) ≤
1
32

(
n
4

)

.

4. LetS be the set of all polygonal areas in a plane. Prove that there is a function
f : S → (0,1) which satisfies

f (S1∪S2) = f (S1)+ f (S2)

for anyS1,S2 ∈ S which have common points only on their borders.

Second Test for IMO

1. In a triangleA1A2A3, the excribed circles corresponding to sidesA2A3, A3A1,A1A2

touch these sides atT1,T2,T3, respectively. IfH1,H2,H3 are the orthocenters of
trianglesA1T2T3, A2T3T1, A3T1T2, respectively, prove that linesH1T1,H2T2,H3T3

are concurrent.

2. Let n ≥ 3 be an integer. A finite number of disjoint arcs with the totalsum of

length 1−
1
n

are given on a circle of perimeter 1. Prove that there is a regular

n-gon whose all vertices lie on the considered arcs.

3. Letx1,x2, . . . ,xn be positive real numbers with the sum 1. Prove that

x2
1x2

2 · · ·x
2
n + x2

2x2
3 · · ·x

2
n+1 + · · ·+ x2

2nx2
1 · · ·x

2
n−1 <

1
n2n .

4. Let n,a,b be integers withn ≥ 2 anda 6∈ {0,1} and letu(x) = ax + b be the
function defined on integers. Show that there are infinitely many functionsf :
Z → Z such that

f n(x) = f ( f (· · · f
︸ ︷︷ ︸

n

(x) · · · )) = u(x) for all x.

If a = 1, show that there is ab for which there is nof with f n(x) ≡ u(x).

Third Test for IMO

1. The diagonals of a pentagonABCDE determine another pentagonMNPQR. If
MNPQR andABCDE are similar, mustABCDE be regular?

2. Leta1 < a2 < · · · < an be positive integers. We say that a coloring of the setZ is
periodic with periodt, if for any integerx exactly one of the numbersx+a1,x+
a2, . . . ,x + an is blue. If there is a periodic coloring with periodt, prove thatn
dividest.
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