Romanian Team Selection Tests 1990

Selection Test for Balkan MO

1. Letf : N — N be a function such that the sgit | f(k) <k} is finite. Prove that

the set
{k[g(f(k)) =k}
is infinite for all functionsy: N — N.

2. If a,b,c are sides of a triangle of circumradiRsprove the inequality

a2 b2 c?
+ + > 3RV3.
b+c—a c+a-b a+b-c

3. Letn be a positive integer. Prove that the least common multipleumnbers
n\ /n ny . .
(1 \p)ree (n) is equal to the least common multiple of numberg 1..,n
if and only if n+ 1 is a prime.

4. LetM be a point on the edgeD of a tetrahedro®BCD such that the tetrahe-
draABCM andABDM have the same total areas. We denotaiiy the plane
ABM. Planesmyc,...,Tcp are analogously defined. Prove that the six planes
T, ..., Tcp are concurrentin a certain poiNt and show thalN is symmetric
to the incentel with respect to the barycenté.

First Test for IMO

1. Leta,b,nbe positive integers such th@ b) = 1. Prove thati{x,y) is a solution
of the equatiorax + by = a" + b", then

A+ - )

2. Prove the following inequality for all positive integersn:

n% <m: k> 2n7k_|_ i <n—|i(_ k> 2mfk _ 2m+n+1.
k= K=

3. Find all polynomial$(x) such that P(2x?> — 1) = P(x)? — 1 for all x.

4. The six faces of a hexahedron are quadrilaterals. Pratéftbeven its vertices
lie on a sphere, then the eighth vertex also lies on the sphere

Second Test for IMO
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1. LetO be the circumcenter of an acute trianglBC andR be its circumcenter.
Consider the disks havingA, OB, OC as diameters, and I&tbe the set of points
in the plane belonging to at least two of the disks. Prove tihatarea ofA is
greater thariR?/8.

2. Prove that there are infinitely manys for which there exists a partition
of {1,2,...,3n} into subsets{ay,...,an}, {b1,...,bn}, {c1,...,cn} such that
a + by = ¢ for all i, and prove that there are infinitely man'g for which there
is no such partition.

3. The sequencr, is df=efined byx; = 1 andxy.1 = X—r?+ xﬂ Prove that this
n

sequence is increasing and thei = n for eachn.

4. For aseBofnpoints, letd; >dy, > --- > d¢ > --- be the distances between the
points. A functionfy : S— N is called acoloring function if, for any pairM, N of
points inSwith MN > d, it takes the valudy (M) + fx(N) at some point. Prove
that for eachm € N there are positive integersk and a set of n points such
that every coloring functiorii of Ssatisfied fy(S)| > m.

Third Test for IMO

1. The distance between any two of six given points in theglamt leastl. Prove

54++/5

that the distance between some two points is at | astz—

2. Suppose thap,q are positive primes such that 2P 4+ 3P. Prove that > p.
3. In a group oh persons,

(i) each person is acquainted to exadtigthers;
(i) any two acquainted persons have exatitypmmon acquaintances;
(iif) any two non-acquainted persons have exaotlyommon acquaintances.

Prove tham(in—k—1) =k(k—I—1).

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



