
Romanian Team Selection Tests 1989

Selection Test for Balkan MO
Suceava, April 14

1. LetM denote the set ofm×n matrices with entries in the set{0,1,2,3,4,} such
that in each row and each column the sum of elements is divisible by 5. Find the
cardinality of setM. (C. Nǎsťasescu)

2. Let P be a point on a circleC and letϕ be a given angle incomensurable with
2π . For eachn∈N, Pn denotes the image ofP under the rotation about the center
O of C by the angleαn = nϕ . Prove that the setM = {Pn | n≥ 0} is dense in
C . (V. Barbu)

3. LetABCDbe a parallelogram andM,N be points in the plane such thatC∈ (AM)
andD ∈ (BN). LinesNA,NCmeet linesMB,MD at pointsE,F,G,H. Show that
pointsE,F,G,H lie on a circle if and only ifABCD is a rhombus.

4. A family of finite sets{A1,A2, . . . ,Am} is calledequipartitionableif there is a

functionϕ :
m
⋃

i=1

Ai → {−1,1} such that∑
x∈Ai

ϕ(x) = 0 for everyi = 1, . . . ,m. Let

f (n) denote the smallest possible number ofn-element sets which form a non-
equipartitionable family. Prove that

(a) f (4k+2) = 3 for each nonnegative integerk;

(b) f (2n) ≤ 1+md(n), wheremd(n) denotes the least positive non-divisor of
n. (I. Tomescu)

5. A laticial cycleof lengthn is a sequence of lattice points(xk,yk), k = 0,1, . . . ,n,
such that(x0,y0) = (xn,yn) = (0,0) and|xk+1−xk|+ |yk+1−yk| = 1 for eachk.
Prove that for alln, the number of latticial cycles of lengthn is a perfect square.(G. Eckstein)

First Test for IMO
Iaşi, June 12

1. Let the sequence(an) be defined byan = n6 +5n4−12n2−36,n≥ 2.

(a) Prove that any prime number divides some term in this sequence.

(b) Prove that there is a positive integer not dividing any term in the sequence.

(c) Determine the leastn≥ 2 for which 1989| an. (E. Popa)

2. Find all monic polynomialsP(x),Q(x) with integer coefficients such thatQ(0) =
0 and

P(Q(x)) = (x−1)(x−2) · · ·(x−15).
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(M. Dǎdârlat, G. Eckstein)

3. Find all pairs(m,n) of integers withm> 1, n≥ 3 with the following property:
if an n-gon can be partitioned intom isosceles triangles, then then-gon has two
congruent sides. (D. Tǎtaru)

4. Let r,n be positive integers. For a setA, let

(

A
r

)

denote the family of allr-

element subsets ofA. Prove that ifA is infinite and f :

(

A
r

)

→ {1,2, . . . ,n} is

any function, then there exists an infinite subsetB of A such thatf (X) = f (Y)

for all X,Y ∈
(

B
r

)

. (I. Tomescu)

Second Test for IMO
Iaşi, June 13

1. LetF be the set of all functionsf : N → N which satisfy

f ( f (x))−2 f (x)+x = 0 for all x∈ N.

Determine the setA = { f (1989) | f ∈ F}. (G. Eckstein)

2. Leta,b,cbe coprime nonzero integers. Prove that for any coprime integersu,v,w
with au+bv+cw= 0 there exist integersm,n, p such that

a = nw− pv, b = pu−mw, c = mv−nu. (O. Sťanǎşilǎ)

3. (a) Find the pointM in the plane of triangleABC for which the sumMA+
MB+MC is minimal.

(b) Given a parallelogramABCDwhose angles do not exceed 120◦, determine

min{MA+MB+NC+ND+MN | M,N are in the planeABCD}

in terms of the sides and angles of the parallelogram. (S. Aniţa)

4. Let A,B,C be variable points on edgesOX,OY,OZ of a trihedral angleOXYZ,
respectively. LetOA = a, OB = b, OC = c andR be the radius of the circum-
sphereSof OABC. Prove that if pointsA,B,C vary so thata+b+c= R+ l , then
the sphereSremains tangent to a fixed sphere.

(D. Tǎtaru)

Third Test for IMO
Iaşi, June 14

1. Prove that for enyn∈ N,

√

1+

√

2+ · · ·+
√

n < 2.
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(G. Eckstein)

2. The sequence(an) is defined bya1 = a2 = 1, a3 = 199 and

an+1 =
1989+anan−1

an−2
for all n≥ 3.

Prove that all terms of the sequence are positive integers. (E. Popa)

3. LetF be the boundary andM,N be any interior points of a triangleABC. Con-
sider the functionfM,N : F → R defined byfM,N(P) = MP2+NP2 and letηM,N

be the number of pointsP for which fM,N attains its minimum.

(a) Prove that 1≤ ηM,N ≤ 3.

(b) If M is fixed, find the locus ofN for which ηM,N > 1.

(c) Prove that the locus ofM for which there are pointsN such thatηM,N = 3
is the interior of a tangent hexagon. (D. Brânzei)
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