Romanian Team Selection Tests 1988

Selection Test for Balkan MO
Cluj, April 15

1. Let be given a sphere and a plame For a variable poinM € a outside the
sphere, consider a circular cone with verdxwhich is tangent to the sphere.
Find the locus of the centers of the circles of tangency ofdtiee with the
sphere. (O. sanasila)

2. LetOXY Zbe a trihedral angle with'Y OZ= a, /ZZOX = 3, /XOY =y, where
o + B+ y=m For any pointP inside the trihedral angle lé¥, P, P; be the
projections ofP on the three faces. Prove that

OP> PP, +PR+ PR (C. Cocea)

3. Consider all regular convex or star polygons witkides inscribed in a given
circle. We say that two such polygons aguivalenif one can be obtained from
the other by a rotation around the center. How many classesaatf polygons
exist? (M. Becheanu)

4. Prove that for all positive integersQa; < ap < --- < a, it holds that
(a4 ap+---+a)i<ad+a3+---+a (V. VAjaitu)

5. The cells of a 1k 11 chessboard are colored in three colors. Prove that there
exists a rectangle on the board whose four corner cells havesttle Tmosscu)

First Test for IMO
Craiova, June 10

1. *Find all n—tuples of real number§, Xy, ..., %) with the property that each
number is the sum of the reciprocals of the remaining numbers
(M. Becheanu)

2. Linesd;,dy, a circleC with its center ord; and a circleC; which is tangent to
di1,d> andC. Find the locus of the tangent point Gfwith C; as the center of
varies ond;. (M. Becheanu)

3. The positive integaris given and for all positive integeks 1 < k < n, denote by
axn the number of all ordered sequenéasio, ... ,ik) of positive integers which
verify the two conditions:

() 1<ii<izg<-—-<ig<nm
(i) is;1—is=1(mod2)foralls=1,2,...,k—1.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



n
Compute the number @f(n) = .
P @) k;akn (I. Tomescu)

n
4. Show that for all positive integersthe number|'| k*-"1is also an integer
k=1

number. (L. Panaitopol)

Second Test for IMO
Craiova, June 11

1. Letp > 2 be a prime number. Find the least positive integ@vhich can be
represented as
a=(x—1)fx)+(xP 1+ +x+1)g(x)

for some polynomiald andg with integer coefficients. (M. Becheanu)

2. Letx,y,zbe real numbers with the sum 0. Prove that

|cosx| + | cosy| +|cosz| > 1.
(V. Vajaitu, B. Enescu)

3. Four circles with the centers at the four vertices of a sgj@ae constructed,
so that the sum of their areas equals the area of the squararbrary point
within each circle is taken. Prove that these four pointstheevertices of a
convex quadrilateral. (L. Panaitopol)

4. Letabe a positive integer. The sequerigg) is defined byx; = 1, x, = a and
Xni2 = a%+1+ 1 for alln> 1. Prove thatx,y) is a solution of the equation

y? —axy—x?| =1

if and only if there is an indek for which (x,y) = (X, Xk+1)-
(S. Buzeteanu)

Third Test for IMO
Craiova, June 12

1. Let.7 denote the set of all plane triangles. The functian? — R™ is defined
by

. (bc
f(ABC) = m|n<5,5) ,

wherea < b < c are sides of triangl&BC. Find the set of values df.
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2. Let be given an intervdh, b] not containing any integer. Prove that there exists
N > 0 such that the intervdNa, Nb] is of length greater than/6 and contains
no integers.

3. For given finite seté\, Ay, ..., An, letd(Ay,...,As) denote the number of ele-
ments which appear in an odd number of sets amfng .,A,. Prove that for
any positive integek < nthe number

n
d(A1,...,An) ‘Z'A“'”ZZ ANA =+ (1) 2T A NN A
1=

i<) <<k

is divisible by X, (1. Tomescu, D. Popescu)
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