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1. Let be given a sphere and a planeα. For a variable pointM ∈ α outside the
sphere, consider a circular cone with vertexM which is tangent to the sphere.
Find the locus of the centers of the circles of tangency of thecone with the
sphere. (O. Sťanǎşilǎ)

2. LetOXYZbe a trihedral angle with∠YOZ= α, ∠ZOX= β , ∠XOY= γ, where
α + β + γ = π . For any pointP inside the trihedral angle letP1,P2,P3 be the
projections ofP on the three faces. Prove that

OP≥ PP1+PP2+PP3. (C. Cocea)

3. Consider all regular convex or star polygons withn sides inscribed in a given
circle. We say that two such polygons areequivalentif one can be obtained from
the other by a rotation around the center. How many classes ofsuch polygons
exist? (M. Becheanu)

4. Prove that for all positive integers 0< a1 < a2 < · · · < an it holds that

(a1 +a2+ · · ·+an)
2 ≤ a3

1 +a3
2+ · · ·+a3

n. (V. Vâjâitu)

5. The cells of a 11× 11 chessboard are colored in three colors. Prove that there
exists a rectangle on the board whose four corner cells have the same color.(I. Tomescu)

First Test for IMO
Craiova, June 10

1. *Find all n−tuples of real numbers(x1,x2, . . . ,xn) with the property that each
number is the sum of the reciprocals of the remaining numbers.

(M. Becheanu)

2. Linesd1,d2, a circleC with its center ond1 and a circleC1 which is tangent to
d1,d2 andC. Find the locus of the tangent point ofC with C1 as the center ofC
varies ond1. (M. Becheanu)

3. The positive integern is given and for all positive integersk, 1≤ k≤ n, denote by
akn the number of all ordered sequences(i1, i2, . . . , ik) of positive integers which
verify the two conditions:

(i) 1 ≤ i1 < i2 < · · · < ik ≤ n;

(ii) is+1− is ≡ 1 (mod 2) for alls= 1,2, . . . ,k−1.
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Compute the number ofa(n) =
n

∑
k=1

akn.
(I. Tomescu)

4. Show that for all positive integersn the number
n

∏
k=1

k2k−n−1 is also an integer

number. (L. Panaitopol)

Second Test for IMO
Craiova, June 11

1. Let p > 2 be a prime number. Find the least positive integera which can be
represented as

a = (x−1) f (x)+ (xp−1+ · · ·+x+1)g(x)

for some polynomialsf andg with integer coefficients. (M. Becheanu)

2. Letx,y,z be real numbers with the sum 0. Prove that

|cosx|+ |cosy|+ |cosz| ≥ 1.

(V. Vâjâitu, B. Enescu)

3. Four circles with the centers at the four vertices of a square are constructed,
so that the sum of their areas equals the area of the square. Anarbitrary point
within each circle is taken. Prove that these four points arethe vertices of a
convex quadrilateral. (L. Panaitopol)

4. Let a be a positive integer. The sequence(xn) is defined byx1 = 1, x2 = a and
xn+2 = axn+1+1 for all n≥ 1. Prove that(x,y) is a solution of the equation

|y2−axy−x2| = 1

if and only if there is an indexk for which (x,y) = (xk,xk+1).
(Ş. Buzeţeanu)

Third Test for IMO
Craiova, June 12

1. LetT denote the set of all plane triangles. The functionf : T → R
+ is defined

by

f (ABC) = min

(

b
a
,
c
b

)

,

wherea≤ b≤ c are sides of triangleABC. Find the set of values off .

2

The IMO Compendium Group,
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2. Let be given an interval[a,b] not containing any integer. Prove that there exists
N > 0 such that the interval[Na,Nb] is of length greater than 1/6 and contains
no integers.

3. For given finite setsA1,A2, . . . ,An, let d(A1, . . . ,An) denote the number of ele-
ments which appear in an odd number of sets amongA1, . . . ,An. Prove that for
any positive integerk≤ n the number

d(A1, . . . ,An)−
n

∑
i=1

|Ai |+2∑
i< j

|Ai ∩A j |− · · ·+(−1)k2k−1 ∑
i1<···<ik

|Ai1 ∩·· ·∩Aik|

is divisible by 2k. (I. Tomescu, D. Popescu)
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