Romanian IMO Team Selection Tests 1978

First Test — April 9

Time: 4 hours

1. Prove that for any partition ok = {1,2,...,9} into two subsets, one of the
subsets contains distinct elemeatb,c such that 2 =a+b.

2. Suppose thdt,| are positive integers such th@lm— 1,k) = (11m— 1,1) for
everym € N. Prove that there exists an integesuch thak = 11".

3. LetP(x,y) be a polynomial of degree at most 2.AfB,C,A’,B’,C’ are distinct
points in thexy—plane at whichP vanishes such th@t B,C are not collinear and
A .B',C' lie on linesBC,CA AB respectively, show tha& is identically zero.

4. Diagonal#AC andBD of a convex quadrilaterdlBCDintersect at poin®. Prove
that if trianglesSOAB OBC, OCD, ODA have the same perimeter, thaBCDis a
rhombus. What happens@ is some other point inside the quadrilateral?

5. Prove that there is no square with its four vertices on fmncentric circles
whose radii form an arithmetic progression.

6. Show that there is no polyhedron whose projection on epkanye is a nonde-
generate triangle.

7. LetP,Q,R be polynomials of degree 3 with real coefficients such tloatetery
realx, P(x) < Q(x) < R(x). Suppose there is a real numiaesuch thatP(a) =
R(a). Show thatQ = kP+ (1 — k)R for some real numbek € [0,1]. What
happens iP,Q,R are of degree 47?

8. For any sef, we say that two functions, g : A — A aresimilar if there exists a
bijectionh: A— Asuch thatf oh=hog.

(a) If Ahas three elements, construct functidps. ., fx : A — A, every two of
which are similar, such that every functidn A — A is similar to one of
them.

(b) If A=R, show that the functions skand— sinx are similar.

9. A sequencéx,) of real numbers satisfieg = a > 1 andx, 1 (%, — [Xn]) = 1 for
eachn > 1. Prove that ifxy) is periodic, theru is a root of a quadratic equation.
Study the converse.

Second Test — April 10

Time: 3 hours
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1. Consider the net of integer points in the-plane. We want to associadg) to
each pointh,k) (h,k € Z) so that

1
k=g (@-1k+anriktank-1tanka) forallhk.

(a) Prove thatitis possible to associafg which are not all equal.
(b) If so, prove that theay, x are not bounded from either side.

2. Consider the functiofi : N — N, f(n) = n?. Prove that there exists a function
F :N — N such thaF(F(n)) = f(n).

3. Let A1, A, ..., Az, (n € N) be points such tha#;A2A3 an equilateral trian-
gle, and for 1< k < n, Agki1,Aski2, A3 are the midpoints of the sides of
AAz 2Az¢1Az. Each of the 8 points is colored in red or blue.

(a) Prove that fon > 7 there exists a monochromatic isosceles trapeziod.
(b) Whatifn=67

4. Let.Z be a set of 8 points whose diameter is 1. Prove that:

(@) among any four points some two are on a distance at mia&2;1

(b) forn=2, there is a configuration of 6 points with 12 of 15 distancethe
interval (1 — ¢,1], wheree > 0 is any given number, but it is not possible
that 13 of the distances are in the inter(alv/2, 1];

(c) there exists a circle of radius at mq;/tTZ which contains# .

. . .4
(d) some two points of# are on a distance not exceeding———.

3Vn— /3

Third Test — June 22

Time: 4 hours

1. In a convex quadrilater@dlBCD, let A', B’ be the orthogonal projections 8fB
to CD respectively.

(a) AssumeBB < AA andSagcp =
trapezoid?
(b) The same question under the assumptionm&D is obtuse.

(AB+CD)BB'. Is ABCDnecessarily a

NI =

2. PointsA/,B’,C’ are arbitrarily taken on edgé&3A SB SCrespectively of a tetra-
hedronSABC Let planesABC andA’'B'C’ intersect in a linal. If plane A'B'C’
rotates aroundl, prove that linesAA',BB',CC’ remain concurrent and find the
locus of the intersection points.

3. LetD1,D5,D3 be pairwise skew lines. Through every poite D, there is a
unigue common secant of these three lines, and it nizetd P, andD3 at Ps.
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(a) Let coordinate systems be introducedinandD3 with the origins a0,
andOs respecively. Find a relation between the coordingted P, andxs

of Ps.
(b) Show that there exist four pairwise skew lines with elyattto common
secants. Also find examples with exactly one and with no comsecants.

(c) LetFy, R, Fs,F4 be any four secants @i;,D,,D3. Prove thaty, Fp, F3, Fy
have infinitely many common secants.
4. For everyn € N, solve the equation

SiNXsin 2x- - - SINNX+ COSXCOS X - - - cosnx = 1.

5. Find the locus of pointll inside an equilateral triangBC such that MBC +
/MCA+ ZMAB= /2.

6. (a) Prove that in the sékv/2+y\/3+2/5]| x,y,z < Z not all zerg there are
nonzero numbers arbitrarily close to 0.

(b) If v2,4/3,1/5 are replaced with their rational approximatienb, ¢, show
that xa+ yb+ zcis 0 for infinitely many triples(x,y,z) of integers, but
cannot be arbitrarily close to 0.

7. A set./ of points, no three collinear, is given in a Cartesian pla&@@nsider the
assertion (A): The barycenter of any finite subsetthas integral coordinates.
(a) Prove that for anp > 1 there is a setZ of n points in which (A) holds.
(b) Prove that (A) is false if# is infinite.

8. Reformulate in set-theoretical language and solve:

Some boys and girls are on a party. It is known that for evebgstM of boys
there are at leasM| girls which are acquainted with some boys frivin Prove
that every boy can dance with a girl of his acquaintance.

Fourth Test — June 24

Time: 4 hours

1. Show that for every natural numkeer 3 there are an infinity of natural numbers
n such than | a"— 1. Does this hold foa = 2?

2. Areal function defined on a sgty, ..., x} of real numbers is said to be additive
if, whenevem;x; + - - - + ngx = O for natural numbens;, it holds thatn; f(x1) +
-+ ngf(X<) = 0. Show that for every such functiohand all real numbers
y1,...,Yp there exists an additive real functibron the se{xi, ..., X Y1,...,Yp}
such thaf (x;) = f(x) for all i.

3. Let{Aq,...,Ap} and{By,...,Bp} be two partitions of a finite sé¥l such that,

wheneveA NB;j = 0, it holds thatA| + |Bj| > p. Show thaiM| > :—Zl(pz—i—l).
Can equality hold?
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4. Let.# be a set oh points in a plane, no three collinear. With every segment
joining points in.# we associate 1 or1. A triangle with vertices in# is
callednegativeif the product of numbers at its sides-isl. If —1 is associated
with p segments andis even (odd), show that the number of negative triangles
is even (resp. of the same parity g}s

5. Given atriangle\, determine the set of poinkd insideA for which there exists
a lined throughM dividing A into two regionsR;, R, such thaiog(R;) C Ry.

6. Can 20 unit regular tetrahedra be placed inside a unitrsethat no two have
common interior points?
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