Romanian Team Selection Tests 2005

First Test

1. Find all positive integers,y such that 3= 2*y+ 1.

2. Letnbe a positive integer and be a set of? + 1 positive integers with the prop-
erty that everyn+ 1)-element subset of contains two distinct elements one of
which divides the other one. Prove that there are distirm@hehtsxy, xo, ..., Xn
of X such that | x+1 fori=1,...,n.

3. The distance from a point inside a convex polyhedron widices to any vertex
of the polyhedron is at most 1. Prove that the sum of the distafrom the point
to the planes containing faces of the polyhedron is lessnha@.

Second Test

1. If ne N, prove that in any convepdn+ 2)-gon of area 1 there is a diagonals that

. 1
cuts off a triangle of area at mogﬁ.

2. Letmandn be coprime positive integers with even anch odd. Prove that the

sum .
1 = mk; [ Mk
el Ry 2
2n+k;( b { n }

does not depend anandn.

3. A sequencéan) of real numbers is callethodular if ag = a, a; = b # a with
a,b > 0 anda, = |an+1 — an:2| for everyn > 0. Determine if there is a bounded
modular sequence.

Third Test

1. LetAg,Aq,...,As be sequentially ordered points on a cirgle In the sequel,
indices are reduced modulo 6. Let, for 0,1, 2, the line through\,, parallel to
Ao 2A0+4 Meety again atAy,, and let the lines\,, Ao 3 andAgi; 2A0k 4 Meet
atAy, 5. Prove that if the linedw Az, 3 (k= 0,1,2) are concurrent, then so are
the linesAx A, 5 (k=0,1,2).

2. Suppose thdD,E,F are points on the sideBC,CA, AB of a triangleABC, re-
spectively, such that the inradii of the trianghdSF, BFD,CDE are equal to half
the inradius of the triangl&BC. Prove thaD, E,F are the midpoints of the sides
of AABC.

3. Prove that if any two vertices of a plane polygon are ontadee at most 1, then
the area of the polygon is less thaf3/2.
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Fourth Test

1. Find all functionsf : R — R for which there exists a nonzero real constant
such thatf (a+x) = f(x) — x for all x.

2. Ifn>0is an integer ang = 7 (mod 8) a positive prime number, prove that

Pk 1) p-1
= L P

3. Letk be a positive integer. Given a sequericg),,_, of decimal digits, for
n € N we are allowed to intercalate betwegnandc,,1 somek, digits, where
1 <k, < k. This will yeald the infinite decimal representation of al reamber
X, 0<x<1.

(a) Provethatik <9, thenthere exists a sequericg) for which the resulting
numberx is never rational.

(b) Prove that fok > 10 any such sequence can be broughtto a rational number
X.

4. The edges of a convex polyhedron are oriented in such atvedat each vertex
there is an edge going out and an edge going in. Show that¢kests a face of
the polyhedron whose border represents an oriented cycle.

Fifth Test

1. On a 2004 2004 chessbhoard, 2004 queens are placed so that no twoaarle- att
ing each other. Prove that there are two queens such thatdtemgle, at whose
opposite vertices the two queens stand, has the semi-gerig@4. (Of course,
it is assumed that each queen is exactly in the center of thersdper majesty is

occupying.)

2. Given an integen > 2, find the smallest real numbet(n) such that for any
positive numbersgs, ..., X, with the product 1 we have the inequality

n 1 n
=<y x forallr >m(n).
i;lxi i; I

3. Find all functionsf : N — N such that for alln,n € N the numbern? +n)? is
divisible by f2(m) + f(n).

4. Suppose that only two vertices of a polyhedron are indidéh an odd number
of edges, and that these two vertices are adjacent. PraMetlaay integen > 3
there is a face of the polyhedron whose number of sides isivisttde by n.
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