Romanian IMO Team Selection Tests 2001

First Test
Time: 4 hours
1. If complex numbera, b, c satisfy
(a+b)(a+c)=b, (b+c)(b+a)=c, (c+a)(c+b)=a,
prove that they are real.

2. (a) Letf,g be injective functions fron¥. to itself. Prove that the function
h = fgis not surjective.
(b) Given a surjective functiofi : Z — Z, prove that there exist two surjective
functionsg,h: Z — Z such thatf = gh.

3. Leta,b,cbe sides of a triangle. Prove that

(—a+b+c)(a—b+c)+(a—b+c)(a+b—c)+
t@at+b—c)(—atbtc)< abc(\/5+ Vb+ \Kz) .

4. Three schools have 200 students each, and every studems ki least one stu-
dent from each of the other two schools (acquaintances ateathu Assume
there exists a sdf of 300 of these students such that for any sct®ahd any
two studentx,y € E, x andy have distinct numbers of acquaintances in school
S. Prove that one can find three students from three distimias who know
each other.

Second Test
Time: 4 hours
1. Determine all real polynomiaR such that
P(X)P(2¢% — 1) = P(x*)P(2x— 1)
holds for allx.

2. Let be given a circle and a squakBCD whose vertices are all in the exterior
of the circle. LetAA’,BB',CC’,DD’ be tangents fron&\,B,C,D to the circle.
Consider a circumscribable quadrilatepaivhose consecutive side lengths are
equal toAA’, BB',CC’,DD’. Prove thatp has an axis of symmetry.

3. Find the leash € N such that among anyrays in space there exist two which
form an acute angle.
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4. Prove that the set of positive integers which cannot btewas a sum of distinct
squares is finite.

Third Test
Time: 4 hours

1. Letn be a positive integer anfix) = apx™+ - -- + a1x+ap (M > 1) be a poly-
nomial satisfying:
(a) fori=2,3,....m, g is divisible by all prime divisors off;
(b) a; andn are coprime.

Prove that for any positive integkithere is a positive integersuch thatf (c) is
divisible bynK.

2. We are given a finite set od open disks within a unit squacé suat the sum
of their areas is 1 and the sum of their radii is at leastrProve that one can

draw a disk of radius less than/ 10 inside the square which intersects at least
five of the given disks. (The problem is false, but nevertbenjoy it)

3. Letp,q < N be coprime. A sefof nonnegative integers is callédeal if:
(a) 0e s
(b) neS= n+p,n+gesS

How many ideals are there?

Fourth Test
Time: 4.5 hours

1. Determine all pairgém,n) of positive integers such thaf — 1 is divisible bym
foralla=1,2,...,n.

2. Prove that there is no functidn: Rt — R™ such that for alk,y > 0,
f(x+y) = £(x) +yf(f(x).

3. LetABC be an acute triangle art be its circumcircle. The tangents frohand
B to ¥ meet the tangent froM to ¢ in pointsD andE respectively. LeAE meet
BC at P andBD meetAC atR. PointsQ andSare respectively the midpoints of
AP andBR. Prove thatZABQ = /BAS.

4. Consider a conver polyhedro# with verticesvy,...,Vp. Verticesa andb are
said to beneighborsif they belong to the same face gf. To each verteXj we
assign a number(0), and construct inductively the sequengén) (n > 0) as
follows: w(n+ 1) is the average of thej(n) for all neighborsvj of V. If all
numberss(n) are integers, prove that there existsuch that all(n) are equal
forn> N.
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