Romanian IMO Team Selection Tests 2000

First Test
Time: 4 hours

1. How many functions : {1,2,...,n} — {1,2,...,5} are there such that for any
k=1,2,...,n—1itholds that f (k+ 1) — f(k)| > 3?

2. Supposeq, Xy, ..., Xgn are real numbers such thiag, 1 — x| < 1 for anyi, 1<
i <2n-—1. Prove that

IXq |+ |Xo| + -+ -+ [Xen| + [Xo + X2+ -+ - + Xon| > N(N+1).

3. Prove that for any positive integersandk one can find integers, b,c,d,e > k

90900

4. Suppose that a convex polygBrP ... R, has the property that for any distinct
i, j there existk (distinct fromi, j) such thatZ/PP;R, = 60°. Prove thah = 3.

Second Test
Time: 4 hours

1. Prove that the equation

$Cyi=7-12
has infinitely many positive integer solutiory, z t such thatx,y,zt) = 1.

2. LetM be an arbitrary point inside a trianghBC. Prove that

minMA, MB, MC + MA + MB+ MC < AB+ BC +CA.

3. Find all pairs of positive intege(sn, n) for which a rectanglen x n can be tiled
with L-trominoes

Third Test
Time: 4 hours

1. Given a positive intege, find the minimurk € N such that 2090| gk — 1.

2. In an acute-angled trianghBC, let M be the midpoint oBC andN be a point
in the interior of the triangle such thatNBA = /BAM and Z/NCA = /CAM.
Prove that“NAB = ZMAC.
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3. Let% be the interior of a circle and” be the interior of a sphere. Prove that
there is no functiorf : . — % so that

d(A,B) <d(f(A),f(B)) foranyABe.”,

whered(X,Y) denotes the distance between poixty.

Fourth Test

Time: 4 hours

1. LetP; be a regulan-gon, wheren € N. We construcP, as the regulan-gon
whose vertices are the midpoints of the edge®;of Continuing analogously,
we obtain regulan-gonsPs, Py, . ..,Pn. Form> n? —n+ 1, find the maximum
numberk such that for any coloring of vertices &%, ...,Py, in k colors there

exists a (possible degenerate) isosceles trapezoid wieosees have the same
color.

2. SupposeP,Q are monic complex polynomials such tHatP(x)) = Q(Q(x)).
Prove thaP = Q.

3. Show that any positive rational number can be written énftiim

as+bd

P a,b,c,d e N.
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