
Romanian IMO Team Selection Tests 2000

First Test

Time: 4 hours

1. How many functionsf : {1,2, . . . ,n} → {1,2, . . . ,5} are there such that for any
k = 1,2, . . . ,n−1 it holds that| f (k +1)− f (k)| ≥ 3?

2. Supposex1,x2, . . . ,x2n are real numbers such that|xi+1− xi| ≤ 1 for anyi, 1≤
i ≤ 2n−1. Prove that

|x1|+ |x2|+ · · ·+ |x2n|+ |x1+ x2 + · · ·+ x2n| ≥ n(n +1).

3. Prove that for any positive integersn andk one can find integersa,b,c,d,e > k
such that
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4. Suppose that a convex polygonP1P2 . . .Pn has the property that for any distinct
i, j there existsk (distinct fromi, j) such that∠PiPjPk = 60◦. Prove thatn = 3.

Second Test

Time: 4 hours

1. Prove that the equation
x3 + y3 = z4− t2

has infinitely many positive integer solutionsx,y,z,t such that(x,y,z,t) = 1.

2. LetM be an arbitrary point inside a triangleABC. Prove that

minMA,MB,MC + MA + MB + MC < AB + BC+CA.

3. Find all pairs of positive integers(m,n) for which a rectanglem×n can be tiled
with L-trominoes

Third Test

Time: 4 hours

1. Given a positive integera, find the minimumk ∈ N such that 22000 | ak −1.

2. In an acute-angled triangleABC, let M be the midpoint ofBC andN be a point
in the interior of the triangle such that∠NBA = ∠BAM and∠NCA = ∠CAM.
Prove that∠NAB = ∠MAC.
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3. Let C be the interior of a circle andS be the interior of a sphere. Prove that
there is no functionf : S → C so that

d(A,B) ≤ d( f (A), f (B)) for anyA,B ∈ S ,

whered(X ,Y ) denotes the distance between pointsX ,Y .

Fourth Test

Time: 4 hours

1. Let P1 be a regularn-gon, wheren ∈ N. We constructP2 as the regularn-gon
whose vertices are the midpoints of the edges ofP1. Continuing analogously,
we obtain regularn-gonsP3,P4, . . . ,Pm. For m ≥ n2− n + 1, find the maximum
numberk such that for any coloring of vertices ofP1, . . . ,Pm in k colors there
exists a (possible degenerate) isosceles trapezoid whose vertices have the same
color.

2. SupposeP,Q are monic complex polynomials such thatP(P(x)) = Q(Q(x)).
Prove thatP = Q.

3. Show that any positive rational number can be written in the form

a3+ b3

c3 + d3 , a,b,c,d ∈ N.
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