
49-th Romanian Mathematical Olympiad 1998

Final Round
Vaslui, March 24–30, 1998

7-th Form

1. Letn be a positive integer andx1,x2, . . . ,xn be integers satisfying

x2
1 +x2

2+ · · ·+x2
n +n3 ≤ (2n−1)(x1+x2+ · · ·+xn)+n2.

(a) Show thatx1,x2, . . . ,xn are nonnegative.

(b) Show thatx1 +x2 + · · ·+xn+n+1 is not a perfect square.
(S. Smarandache)

2. Show that there is no positive integern such thatn+k2 is a perfect square for at
leastn positive integersk. (V. Zidaru)

3. In the exterior of triangleABCwith ∠B > 45◦ and∠C > 45◦ the right isosceles
trianglesACM,ABN with the right angles atA are constructed. Also, the right
isosceles triangleBCP with ∠P = 90◦ is constructed in the interior of△ABC.
Show thatMNP is a right isosceles triangle.

(B. Enescu)

4. LetE be the point on the diagonalBD of a rectangleABCDsuch that∠DAE =
15◦, and letF be the foot of theperpendicular fromE to BD. Given thatEF =
AB/2 andAD = a, find ∠EACand the length of segmentEC. (S. Peligrad)

8-th Form

1. For a real numbera, let A = {(x,y) | x,y∈ R, x+y = a} andA = {(x,y) | x,y∈
R, x3 +y3 < a}. Find all values ofa for whichA andB are disjoint. (R. Ilie)

2. Let P(X) = a1998X1998+ · · ·+ a1X + a0 be a polynomial with real coefficients
such thatP(0) 6= P(−1), and letQ(X) = b1998X1998+ · · ·+b1X+b0 be the poly-
nomial given bybk = aak + b for all k, wherea andb are given real numbers.
Show that ifQ(0) = Q(−1) 6= 0, thenQ(X) has no real roots.(M. Fianu, Şt. Alexe)

3. In a trapezoidABCDwith AB‖ CD and∠A = 90◦ we haveAD = DC = a and
AB= 2a. Let E andF respectively be the points on the perpendiculars atC and
D to the plane of the trapezoid, on the same side of the plane, such thatCE = 2a
and DF = a. Compute the distance fromB to the planeAEF and the angle
betweenAF andBE.

(R. Popovici, N. Solomon)
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4. Let ABCDbe an arbitrary tetrahedron. The bisectors of angles∠BDC, ∠CDA,
∠ADB intersectBC,CA,AB in pointsM,N,P, respectively.

(a) Show that the planesADM, BDN andCDP have a common lined.

(b) Let A′,B′,C′ be points on raysAD,BD,CD respectively, so thatAA′ =
BB′ = CC′ and letG andG′ be the centroids of trianglesABCandA′B′C′.
Prove that the linesGG′ andd are either parallel or identical.(M. Miculiţa)

9-th Form

1. Let f (x) = ax2 +bx+c, wherea,b,c are integers. Finda,b,c so thatf ( f (1)) =
f ( f (2)) = f ( f (3)). (C. Mortici, M. Chiriţǎ)

2. If ABCD is a cyclic (convex) quadrilateral, prove that

|AC−BD| ≤ |AB−CD|.

When does equality hold? (D. Miheţ)

3. For integersa,b, find all rational roots (if any) of the equation

abx2+(a2 +b2)x+1 = 0. (D. Popescu)

4. LetA1A2 . . .An be a regular polygon withn> 4. LetT be the intersection of lines
A1A2 andAn−1An andM be any interior point of the triangleA1AnT. Show that
the equality

n−1

∑
i=1

sin2
∠AiMAi+1

d(M,AiAi+1)
=

sin2
∠A1MAn

d(M,A1An)
,

whered(X, l) denotes the distance from pointX to line l , holds if and only ifM
lies on the circumcircle of the polygon. (D. Brânzei)

10-th Form

1. Let M = {1,2, . . . ,n}, wheren ≥ 2 is an integer. For everyk = 1,2, . . . ,n−1

we definexk =
1

n+1∑(minA+maxA), where the sum goes over allk-element

subsetsA of M. Show thatx1, . . . ,xn−1 are integers, not all divisible by 4.(V. Zidaru)

2. Leta≥ 1 be a real number. Supposez is a complex number such that|z+a| ≤ a
and|z2 +a| ≤ a. Prove that|z| ≤ a. (D. Şerb̌anescu)

3. Let A′,B′,C′ be arbitrary points on edgesDA,DB,DC respectively of a tetrahe-
dron ABCD. Let pointsPa,Pb,Pc,P′

a,P
′
b,P

′
c on BC,CA,AB, B′C′,C′A′,A′B′, re-

spectively, be defined by

PbC
PbA

=
P′

bC
′

P′
bA′ =

CC′

AA′ ,
PcA
PcB

=
P′

cA
′

P′
cB′ =

AA′

BB′ ,
PaB
PaC

=
P′

aB′

P′
aC′ =

BB′

CC′ .
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(a) Prove that the linesAPa,BPb,CPc have a common pointP and that the lines
A′P′

a,B
′P′

b,C
′P′

c have a common pointP′.

(b) Prove that
PC
PPc

=
P′C′

P′P′
c
.

(c) Prove that, asA′,B′,C′ vary, the linePP′ is always parallel to a fixed line.(M. Miculiţa)

4. Letx1 < x2 < · · · < xn be positive integers, wheren≥ 2. Define

sk = ∑
A

1

∏a∈Aa
for k = 1,2, . . . ,n,

where the sum is taken over all nonempty subsetsA of {x1,x2, . . . ,xk}. Prove
that if sn andsn−1 are positive integers, thensk is a positive integer for eachk.(D. Miheţ)

11-th Form

1. The nonzero 2× 2 matricesA0,A1, . . . ,An with real entries satisfyA0 6= aI for
any reala andA0Ak = AkA0 for all k (whereI denotes the identity 2×2 matrix).
Prove that

(a) det

(

n

∑
k=1

A2
k

)

≥ 0;

(b) if det

(

n

∑
k=1

A2
k

)

= 0 andA2 6= aA1 for any reala, then
n

∑
k=1

A2
k = 0.

(V. Pop)

2. Let (an) be a sequence of real numbers such that the sequencexn =
n

∑
k=1

a2
k is

convergent and the sequenceyn =
n

∑
k=1

ak is unbounded. Prove that the sequence

bn = yn− [yn] is divergent. (B. Enescu)

3. Supposef : R → R is a differentiable function for which the inequality

f ′(x) ≤ f ′
(

x+
1
n

)

holds for everyx∈R and everyn∈N. Prove thatf is continuously differentiable.(M. Piticari)

4. Let f : R → R be a continuous function such that for every real numbersa < b
there existc1 ≤ c2 in the interval[a,b] with

f (c1) = min
a≤x≤b

f (x) and f (c2) = max
a≤x≤b

f (x).

Show that the functionf is increasing.
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(C. Mortici)

12-th Form

1. Let a,b be positive real numbers such thata+ b < 1 and let f : [0,∞) → [0,∞)
be an increasing function such that for everyx≥ 0,

∫ x

0
f (t)dt =

∫ ax

0
f (t)dt +

∫ bx

0
f (t)dt.

Prove thatf (x) = 0 for all x≥ 0. (M. Piticari)

2. (a) For a prime numberp, let Gp =
⋃

n∈N

{z∈ C | zpn
= 1}. Show that(Gp, ·) is

a subgroup ofC∗.

(b) Let H be an infinite subgroupC∗. Prove that every proper subgroup ofH
is infinite if and only ifH = Gp for some primep.

(∗ ∗ ∗)

3. A ring A is calledbooleanif x2 = x for eachx∈ A. Prove that:

(a) One can define a structure of boolean ring on ann-element set (n ≥ 2) if
and only ifn = 2k for somek∈ N.

(b) It is possible to define a structure of boolean ring on the setN.

(M. Andronache, S. Ďasčalescu, I. Savu)

4. Letk⊆ C be a field such that

(i) k has exactly two endomorphismsf andg;

(ii) if f (x) = g(x) thenx∈ Q.

Prove that there exists a square-free integerd > 1 such thatk = Q

[√
d
]

.
(M. Ţena)
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