49-th Romanian Mathematical Olympiad 1998

Final Round
Vaslui, March 24-30, 1998

7-th Form

1. Letnbe a positive integer and, X, . .., X be integers satisfying
2 2 2 3 2
X{+X54 X+ 0 < (20— 1) (Xg + Xo + -+ + Xn) + N7

(a) Show thaky,xy, ..., Xy are nonnegative.

(b) Show that; +x2+ - -- 4+ X+ n+ 1 is not a perfect square.
(S. Smarandache)

2. Show that there is no positive integesuch than -+ k? is a perfect square for at
leastn positive integers. (V. Zidaru)

3. In the exterior of triangldBC with /B > 45> and/C > 45° the right isosceles
trianglesACM, ABN with the right angles af\ are constructed. Also, the right
isosceles trianglBCP with /P = 90° is constructed in the interior oAABC.
Show thatMNP is a right isosceles triangle.

(B. Enescu)

4. LetE be the point on the diagonBD of a rectangléABCD such that/DAE =
15°, and letF be the foot of theperpendicular froento BD. Given thatEF =
AB/2 andAD = a, find ZEACand the length of segmeBC. (S. Peligrad)

8-th Form

1. Forareal numbe, letA={(x,y) | x,y € R, x+y=a} andA={(X,y) | X,y €
R, x3+y® < a}. Find all values of for which A andB are disjoint. ~ (R. llie)

2. LetP(X) = a99gX19%8+ ... + a1 X 4 a9 be a polynomial with real coefficients
such thaP(0) # P(—1), and letQ(X) = b1gggX*®%8+ - - . + by X 4 by be the poly-
nomial given byby = aa+ b for all k, wherea andb are given real numbers.
Show that ifQ(0) = Q(—1) # 0, thenQ(X) has no real rog#s.Fianu, St. Alexe)

3. In a trapezoicABCD with AB || CD and ZA = 90° we haveAD = DC = a and
AB = 2a. Let E andF respectively be the points on the perpendicula ahd
D to the plane of the trapezoid, on the same side of the plank,thatCE = 2a
and DF = a. Compute the distance from to the planeAEF and the angle
betweerAF andBE.
(R. Popovici, N. Solomon)
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4. Let ABCDbe an arbitrary tetrahedron. The bisectors of angIB®C, /CDA,
/ADB intersecBC,CA ABin pointsM, N, P, respectively.

(a) Show that the planesDM, BDN andCDP have a common lind.

(b) Let A',B',C’ be points on raysAD,BD,CD respectively, so thabA =
BB = CC and letG andG' be the centroids of trianglesBC andA'B'C’.
Prove that the line&G' andd are either parallel or identicdM. Miculita)

9-th Form

1. Letf(x) = ax? + bx+c, wherea, b, c are integers. Find, b,c so thatf (f(1)) =

f(f(2)) = f(f(3)). (C. Mortici, M. Chirita)
2. If ABCDis a cyclic (convex) quadrilateral, prove that

|AC—BD| < |AB—CD|.

When does equality hold? (D. Mihe})

3. Forintegers, b, find all rational roots (if any) of the equation
ab¥X + (a®+b%)x+1=0. (D. Popescu)

4. LetA1Ay... A, be aregular polygon with > 4. LetT be the intersection of lines
A1A; andA, 1A, andM be any interior point of the triangld; Az T. Show that
the equality

"SI ZAMAL,  si? ZAMA,

= d(MvAlAhLl) d(MaAlAh) ’
whered(X,|) denotes the distance from poitto linel, holds if and only ifM
lies on the circumcircle of the polygon. (D. Branzei)

10-th Form

1. LetM ={1,2,...,n}, wheren > 2 is an integer. For everly=1,2,....n—1
we definex, = 1 Z(minA+ maxA), where the sum goes over &lelement
subset® of M. Show thaixy,...,x,_1 are integers, not all divisible(\yZdaru)

2. Leta> 1 be areal number. Suppasis a complex number such thiatt- a| < a
and|Z +a| < a. Prove thatz < a. (D. Serténescu)

3. LetA',B',C’ be arbitrary points on edgd®A, DB, DC respectively of a tetrahe-
dron ABCD. Let pointsPs, Ry, P, P4, B, P on BC,CA AB, B'C',C'A',A'B/, re-
spectively, be defined by

RC_RC _CC RA_FRA AN PRB_FRB BB
RA PA AN’ RB PB BB RC PC CC
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(a) Prove that the lineAR,, BR,,CR; have a common poirR and that the lines
AP}, B'R,C'P, have a common poirit’.

Tal
(b) Prove thats—; = z’—ICD:’
C

(c) Prove that, a8',B',C’ vary, the linePP' is always parallel to\a fixied itag-

4. Letxy < X2 < --- < Xy be positive integers, where> 2. Define
1
SK:; fork=1,2,...,n,
[Naca@

where the sum is taken over all nonempty subgets {x1,X2,...,X}. Prove
that if s, ands,_1 are positive integers, theq is a positive integer f(b eiiiet)

11-th Form

1. The nonzero X 2 matricesAg, A, ..., An with real entries satisfpg # al for
any reala andAoAx = AAo for all k (wherel denotes the identity 2 2 matrix).

Prove that

(a) det(i AE) > 0;

k=1
n

n
(b) if det < > AE) = 0andA, # aA for any reala, then 5’ AZ=0.
k=1 k=1
(V. Pop)

n
2. Let (an) be a sequence of real numbers such that the sequﬁneez aﬁ is
K=1

n
convergent and the sequenge= z a is unbounded. Prove that the sequence
K=1

bn = yn — [yn] is divergent. (B. Enescu)

3. Supposd : R — R is a differentiable function for which the inequality
f'(x) < f' <x+ }>
n
holds for everi € R and everyn € N. Prove thaff is continuously differendial)je.

4. Letf : R — R be a continuous function such that for every real numbetrsh
there exist; < ¢y in the intervalla, b] with

f(c1) = arg!gbf(x) and f(cp) = arggéf(x).

Show that the functioffi is increasing.
3

Co, Thg
O’hpenfgflg i
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(C. Mortici)

12-th Form

1. Leta,b be positive real numbers such that b < 1 and letf : [0,00) — [0,0)
be an increasing function such that for eveey 0,

X ax bx
/ f(t)dt :/ fdt+ [ f(t)dt.
0 0

0

Prove thatf (x) = 0 for allx > 0. (M. Piticari)

2. (a) For a prime numbey, letGp = | J{z€ C | 27" = 1}. Show that(Gp, ) is
neN
a subgroup of*.

(b) LetH be an infinite subgrouf®*. Prove that every proper subgrouptof

is infinite if and only ifH = G, for some primep. (55 %)

3. AringAis calledbooleanif x*> = x for eachx € A. Prove that:

(@) One can define a structure of boolean ring om-atement setr( > 2) if
and only ifn = 2 for somek € N.

(b) Itis possible to define a structure of boolean ring on &tés

(M. Andronache, S. Bs@lescu, |. Savu)

4. Letk C C be a field such that

(i) k has exactly two endomorphisnisandg;
(i) if f(x) =9g(x) thenxe Q.

Prove that there exists a square-free inteberl such thak = Q [\/HL‘
(M. Tena)
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