57-th Romanian Mathematical Olympiad 2006

Final Round
lasi, April 17, 2006

7-th Form

[

. Consider point®1 andN on respective side&B andBC of a triangleABC such
that ZZN/BC = AM/AB. LetP be a point on lineAC. Prove that line$/IN and
NP are perpendicular if and only PN bisects/MPC.

2. A square of side is divided inton? unit squares each of which is colored red,
yellow or green. Find the smallest valueroguch that, for any coloring, there
exist a row and a column having at least three equally colongcsquares.

3. In an acute triangl&BC, the angle a€ equals 45. PointsA; andB; are the feet
of the altitudes fronA andB respectively, anti is the orthocenter. PoinBand
E are taken on segmenmdg\; andBC respectively such th&;D = AjE = A1B;.

Show that
2 2
(@ Agy = M AC,
(b) CH =DE.

4. Let A be a set of at least two positive integers. Suppose that fidr&d € A

with a> bwe have% € A. Show that sef has exactly two elements.

8-th Form

1. In a hexagonal prisma, five of the six lateral faces ardcycladrilateral. Prove
that the remaining lateral face is also a cyclic quadrikdter

2. Letn be a positive integer. Show that there exist an intéger2 and numbers
aj,ay,...,a € {—1,1} such that

n= a;a;.
1<i<j<k

3. Let ABCDA'B'C'D’ be a cube anéP be a variable point on edg&B. A plane
throughP perpendicular téAB intersects lineAC’ at pointQ. Denote byM and
N the midpoints ofA’P andBQ, respectively.

(a) Prove thaMN andBC’ are perpendicular if and only B is the midpoint
of AB.
(b) Find the smallest measure of the angle betwddhandBC'.
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4. Prove thatify < a,b,c< 1, then

a+b b+c c+a<3
~14c 1+a 1+b— 7

9-th Form

1. Find the maximum value of the expressiod + 1)(y® + 1) if x andy are real
numbers withx+y = 1.

2. The isosceles triangleBC and DBC have the common bafC and Z/ABD =
90°. Let M be the midpoint oBC. Pointsk,F,P are such thak,P andC are
interior to the segment8B, MC and AF respectively, and’BDE = ZADP =
/CDF. Show thatP is the midpoint ofEF andDP 1 EF.

3. A quadrilateralABCD is inscribed in a circle of radius so that there exists a
pointP on sideCD satisfyingCB = BP = PA = AB.
(&) Show that such poins B,C,D, P indeed exist.
(b) Prove thaPD =r.
4. A tennis tournament withr2participants it > 5) extends over 4 days. Each
day, every participant plays exactly one match (but onerpaiy meet more than
once). After the tournament, it turns out that there is alsimgnner and three

players sharing the second place, and that there is no pldyedost all four
matches. How many players did win exactly one and two mafeckepectively?

10-th Form

1. LetM be ann-element subset an@”(M) be he set of all its subsets (including
0 andM). Determine all functions : (M) — {0,1,...,n} with the following
properties:

(@) f(A)£A0forA=0;
(b) f(AUB) = f(ANB)+ f(AAB) for all A,B € Z(M), whereAAB = (AU
B)\ (ANB).
2. Prove that foralg,b € (0,7) andne N

sif"a+sin'b _ sin"2a+sin'2b
(sina+sinb)" = (sin2a-+sin2)"”

3. Show that the sequence given &y = [n\/i} + [nV3], n=10,1,... contains
infinitely many even numbers and infinitely many odd numbers.

4. Given an integen > 2, determinen pairwise disjoint set#y, 1 <i < nwith the
following properties:
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(a) For every circl&s in the plane and for all, Aj N Int(C) # 0;

(b) For every lined in the plane and for all, the projection ofy; ontod is all
of d.

11-th Form
1. LetA be a complex x n matrix and letA* be its adjoint matrix. Prove that if
there exists an integen > 1 such that A*)™ = 0, then(A*)? = 0.

2. We say that a matriB € .#,(C) is apseudoinverse of A € .#,(C) if A= ABA
andB = BAB.

(a) Show that every square matrix has a pseudoinverse.
(b) For which matrices is there a unique pseudoinverse?

3. LetAq, Ay, ..., Ay andBy, By, ..., By be distinct points in the plane. Show that
there exists a poir® such that

PA1+PA>+ -+ PA,=PB1+PBy+---+PBy.

4. Consider a functiorf : [0,0) — R with the property that for eack > 0, the
sequencd (nx), n=10,1,2,... is strictly increasing.

(a) If f is continuous o0, 1], is f necessarily strictly increasing?
(b) The same question ffis continuous o).

12-th Form

1. LetK be afinite field. Prove that the following statements are\edent:

(@ 1+1=0;
(b) For eachf € K[x] with degf > 1, f(x?) is reducible.

. s X 1
l!m}n(z—n/o mdx) :/o f(x)dx,

wheref (x) = arc)t(arx forO<x<1landf(0)=1.

2. Prove that

3. LetG be ann-element groupr(> 2) and letp be a prime factor ofi. Prove that
if G has a unique subgrotp of p elements, thehl is contained in the center of
G. (The centerof5is Z(G) = {ac G| ax=xa,Vx € G}.)

1
4. Afunctionf : [0,1] — R satisfies|/ f(x)dx=0. Prove thatthere existsz (0,1)
0

such that "
/ xf (x)dx = O.
JO
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