42-nd Polish Mathematical Olympiad 1990/91

Third Round
First Day

1. Prove or disprove that there exist two tetrahédrandT, such that:

(i) the volume ofT; is greater than that dii;
(ii) the area of any face of; does not exceed the area of any faca.of

2. LetX be the set of all lattice points in the plane (poititsy) with x,y € Z). A
path of lengthn is a chain(Py, Py, ..., P,) of paints inX such thaP_1P =1 for
i=1,...,n. LetF(n) be the number of distinct paths beginninginand ending

in any pointP, on liney = 0. Prove thafF (n) = (2nn>

3. Define
80
N = Ekk s
2
whereg € {—1,1} for eachk. Prove thatN cannot be the fifth power of an
integer.
Second Day
4. On the Cartesian plane consider the\sef all vectors with integer coordinates.
Determine all functions : V — R satisfying the conditions:

(i) f(v) =1 foreach of the four vectorse V of unit length.
(i) f(v+w)= f(v)+ f(w) for every two perpendicular vectovav € V.

(Note that the zero vector is perpendicular to every vector.

5. Two noncongruent circleg andk, are exterior to each other. Their common
tangents intersect the line through their centers at péirssdB. Let P be any
point ofk;. Prove that there is a diameterlefwith one endpoint on lin®A and
the other orPB.

6. If x,y,zare real numbers satisfying + y* + z° = 2, prove the inequality
X+y+2z2<24xyz

and find the conditions for equality.
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