33-rd Polish Mathematical Olympiad 1981/82

Third Round
First Day

1. Find a way of arranginggirls andn boys around a round table for whidh— ¢,
is maximum, wherdl, is the number of girls sitting between two boys apds
the number of boys sitting between two girls.

2. In a cyclic quadrilaterahBCD the line passing through the midpointAB and
the intersection point of the diagonals is perpendicul&@@o Prove that either
the sidesAB andCD are parallel or the diagonals are perpendicular.

3. Find all pairs of positive numbe(g,y) which satisfy the system of equations
X¥+y? = a+b?
¥+y = al+bd

wherea andb are given positive numbers.
Second Day

4. On a plane is given a finite set of points. Prove that thetp@ian be covered by
open square®1,Qo, ..., Q, such that

N; .
1§§J§4 forj=1,....n,

|

whereN; is the number of points from the set inside squ@yendS; is the area

OfQj.

5. Integersg, Xy, - - - ,Xn_1, Xn = X0, Xn1 = X1 satisfy the inequality—1)%x,_1X. 1 >
O0fork=1,2,...,n. Prove that the difference

n—-1 n—-1
Xk — X
kZO K kzol l

is divisible by 4.

6. Prove that the sum of dihedral angles in an arbitraryhetieon is greater than
271
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