32-nd Polish Mathematical Olympiad 1980/81

Third Round
First Day

1. Two intersecting linea andb are given in a plane. Consider all pairs of orthog-
onal planesx, 8 such thaea C a andb C 3. Prove that there is a circle such that
every its point lies on the line N 3 for somea andp.

2. In atriangleABC, the perpendicular bisectors of sid&B8 andAC intersecBC at
X andY. Prove thaBC = XY if and only if tanBtanC = 3 or tarBtanC = —1.

3. Prove that for any natural numbeand real numbers andx satisfyinga™ ! <
x<1landO< a < 1itholds that
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Second Day

4. On atable are givem markers, each of which is denoted by an integer. At any
time, if some two markers are denoted with the same numbgrk,sae can
redenote one of them witk+ 1 and the other one witk— 1. Prove that after a
finite number of moves all the markers will be denoted witledtént numbers.

5. Determine all pairs of intege(g,y) satisfying the equation
XY+ X2+ Y2 =80+ xy+ Y2+ 1).

6. In a tetrahedron of voluné the sum of the squares of the lengths of its edges
equalsS. Prove that SV/S
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