28-th Polish Mathematical Olympiad 1976/77

Third Round
First Day
1. Let ABCD be a quadrilateral withvBAD = 60°, /BAC = 40°, Z/ABD = 80°,
/ABC = 70°. Prove that the lineAB andCD are perpendicular.

2. Lets> 3 be a given integer. A sequenkg of circles and a sequendl, of
convexs-gons satisfy

Kn DWhp D Kppp foralln=1212...

Prove that the sequence of the radii of the cirtdggonverges to zero.

3. Consider the sét = {0,1,2,...,22"— 1}. The functionf : A— Ais given by

(X0 + 2%+ 22X 4 - - + 22" Ixo0 )
= (1—X0) +2X + 22(1— Xp) + 2%%g + -+ 22" Lxpn 4

for every 0-1 sequendeo, X1, . .. ,Xon—1). Show thatifag, ay,...,ag are consecu-
tive terms of an arithmetic progression, then the sequétag, f(ay), ..., f(ag)
is not increasing.

Second Day

4. Afunctionh: R — R is differentiable and satisfiégax) = bh(x) for all x, where
aandb are given positive numbers and|a| # 1. Suppose thdt'(0) # 0 and
the functionh’ is continuous ak = 0. Prove thaga = b and that there is a real
numberc such that(x) = cx for all x.

5. Show that for every convex polygon there is a circle pastinough three con-
secutive vertices of the polygon and containing the entitggon.

6. Consider the polynomialV(x) = (x — a)*Q(x), wherea # 0, Q is a nonzero
polynomial, andk a natural number. Prove théf has at leask+ 1 nonzero
coefficients.
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