27-th Polish Mathematical Olympiad 1975/76

Third Round
First Day

1. Isthe numbersi|q7I sin3—nsin5—nsin7—7Tsin9—7T rational?
' 18 18 18 18 18 '

2. Four sequences of real numbéas), (by), (cn), (dn) satisfy for alln,

ani1=2an+bn, bpnr1=by+cCn,
Chi1=Cn+dn, Ohy1=dn+an.

Prove that ifay, m = am, bk m = bm, Ck+m = Cm, dk:m = dm for somek > 1,
n>1,thenay =by,=c,=d, =0.

3. Prove that for each tetrahedron, the three products of phbpposite edges are
sides of a triangle.

Second Day

4. The diagonals of some quadrilateral with sidds c,d are perpendicular. Prove
that the diagonals of any other quadrilateral with sidgsc,d also are perpen-
dicular.

5. Atrawler is about to fish in territorial waters of a neighing country, for what
he has no licence. Whenever he throws the net, the coast-guay stop him
with the probability Yk, wherek is a fixed positive integer. Each throw brings
him a fish landing of a fixed weight. However, if the coast-glstops him, they
will confiscate his entire fish landing and demand him to leaeecountry. The
trawler plans to throw the nettimes before he returns to territorial waters in his
country. Findn for which his expected profit is maximal.

6. Anincreasing functiori : N — R satisfies
f(kl)=f(k)+ f(l) forall kIl eN.

Show that there is a real number> 1 such thatf (n) = log,n for all n.
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