
26-th Polish Mathematical Olympiad 1974/75

Third Round

First Day

1. A sequence(ak)
∞
k=1 has the property that there is a natural numbern such that

a1 + a2 + · · ·+ an = 0 andan+k = ak for all k. Prove that there exists a natural
numberN such that

N+k

∑
i=N

ai ≥ 0 for k = 0,1,2, . . . .

2. On the surface of a regular tetrahedron of edge length 1 aregiven finitely many
segments such that every two vertices of the tetrahedron canbe joined by a polyg-
onal line consisting of given segments. Can the sum of the lengths of the given
segments be less than 1+

√
3?

3. Find the smallest positive numberα for which there is a positive numberβ such
that for all 0≤ x ≤ 1,

√
1+ x+

√
1− x ≤ 2−

xα

β
.

For each suchα determine the smallestβ > 0 for which this condition holds.

Second Day

4. All decimal digits of some natural number are 1,3,7, and 9.Prove that one can
rearrange its digits so as to obtain a number divisible by 7.

5. Show that it is possible to circumscribe a circle of radiusR about, and inscribe a
circle of radiusr in some triangle with one angle equal toα, if and only if

2R
r

≥
1

sin α
2

(

1−sinα
2

) .

6. On the interval[0,1] are given functionsS(x) = 1− x andT (x) = x/2. Does
there exist a function of the formf = g1 ◦ g2◦ · · · ◦gn, wheren ∈ N and eachgk

is eitherS(x) or T (x), such that

f

(

1
2

)

=
1975
21975 ?
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