
23-rd Polish Mathematical Olympiad 1971/72

Third Round

First Day

1. Polynomialsui(x) = aix + bi (ai,bi ∈ R, i = 1,2,3) satisfy

u1(x)
n + u2(x)

n = u3(x)
n for some integern ≥ 2.

Prove that there exist real numbersA,B,c1,c2,c3 such thatui(x) = ci(Ax+B) for
i = 1,2,3.

2. On the plane are givenn > 2 points, no three of which are collinear. Prove that
among all closed polygonal lines passing through these points, any one with the
minimum length is non-selfintersecting.

3. Prove that there is a polynomialP(x) with integer coefficients such that for allx
in the interval[ 1

10,
9
10] we have|P(x)− 1

2| <
1

1000.

Second Day

4. PointsA andB are given on a line having no common points with a sphereK.
The feetP of the perpendicular from the center ofK to the lineAB is positioned
betweenA andB, and the lengths of segmentsAP andBP both exceed the radius
of K. Consider the setZ of all trianglesABC whose sidesAC andBC are tangent
to K. Prove that among all triangles inZ, a triangleT with a maximum perimeter
also has a maximum area.

5. Prove that all subsets of a finite set can be arranged in a sequence in which every
two successive subsets differ in exactly one element.

6. Prove that the sum of digits of the number 1972n is not bounded from above
whenn tends to infinity.
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