55-th Polish Mathematical Olympiad 2003/04

Third Round
April 15-16, 2004

First Day

1. A pointD is taken on the sid&B of a triangleABC. Two circles passing through
D and touchingAC andBC atA andB respectively intersect again at pokat Let
F be the point symmetric t€ with respect to the perpendicular bisectorAd.
Prove that the point®, E, andF lie on aline.

2. LetW be a polynomial with integer coefficients such that theretaredistinct
integers at whiclW takes coprime values. Show that there exists an infinite set
of integers, such that the valu@stakes at them are pairwise coprime.

3. On a tournament with > 3 participants, every two participants played exactly
one match and there were no draws. A three-element set adiparits is called
adraw-tripleif they can be enumerated so that the first defeated the settend
second defeated the third, and the third defeated the fietierBine the largest
possible number of draw-triples on such a tournament.

Second Day

4. If a,b,c are real numbers, prove that

V282 +b?) +/2(p2+ c?) + \/2(c? + a2) >
V/3(@+b)Z+3(b+c)2+3(c+a).

5. Find the greatest possible number of lines in space thpass$ through a single
point and the angle between any two of them is the same.

6. Anintegerm > 1 is given. The infinite sequengg, X1,Xo,... is defined by

Y — 2 fori <m,
T Xieat X2+ +Xem  fori>m

Find the largest natural numblefor which there exisk successive terms of this
sequence which are divisible Iy
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