52-nd Polish Mathematical Olympiad 2000/01

Final Round
April 3-4, 2001

First Day

1. Prove that for all nonnegative real numbgrsxy, ..., X, (n > 2) the following
inequality holds:

im < (2) +ii>d.

2. Prove that, for any interior poifit of a regular tetrahedron with edge 1, the sum
of the distances frorR to the vertices of the tetrahedron is not greater than 3.

3. Consider the sequen¢e,) defined by
Xx1=a, X2=Db, Xpi2=X1+x,forn=21,23,...,

wherea andb are real numbers. We call a numloer multiple value of sequence
(xn) if there exist positive integetls# | such that, = x = c. Prove that there
exista andb for which (x,) possesses more than 2000 different multiple values.
Moreover, prove thatx,) cannot have infinitely many different multiple values.

Second Day

4. Suppose thed andb are integers such thaf'@+ b is a perfect square for all
n e N. Show thata = 0.

5. PointsK andL are taken on the sideBC andCD of a parallelogranABCD,
respectively, such th&K - AD = DL - AB. The segment®K andBL meet at
pointP. Prove that/ DAP = /BAC.

6. Letn; < np < --- < nygoo < 10'%° be given positive integers. Show that there
exist two nonempty and disjoint subsétandB of {ni,ny, ..., Nxppo} such that:
(i) AandB have the same number of elements;
(i) AandB have the same sums of elements;
(i) AandB have the same sums of the squares of elements.
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