57-th Polish Mathematical Olympiad 2005/06

Second Round
February 24-25, 2006

First Day

1. Positive integera, b,c andx,y,z satisfy|x—a| < 1,|y—b| < 1, and
a?+b?=c2, X4y =7
Prove that the setsa, b} and{x,y} coincide.

2. In a triangleABC with AC+ BC = 3AB, the incircle is centered &tand touches
BC atD andAC atE. LetK andL be the points symmetric tD andE with
respect td. Prove that the pointa, B,K, L lie on a circle.

3. Positive numbera, b, ¢ satisfy the conditiomb + bc + ca= abc. Prove that

a*+b? b*+c? ct+a 1
ab(a®+b3)  bc(b3+c®) ca(cd+ad) ~

Second Day

4. Given a natural number we define the sequenc¢a,) by a; = 1 and
a1 =d(an)+c forn=12,...,

whered(m) denotes the number of positive divisorsrot N. Show that there
is a positive integek such that the sequeneg ax. 1,ax. 2, ... iS periodic.

5. LetC be the midpoint of a segmeAB. A circle 0, passing througth andC
and a circleo, passing througiB andC intersect in two different point€ and
D. PointP is the midpoint of the ar&D of 0; not containingZ, andQ is that of
the arcBD of 0, not containingC. Prove thaPQ is perpendicular t€D.

6. A prime numberp and an integen with p > n > 3 are given. A sef of se-
quences of lengtim with terms in the se{0,1,2,...,p— 1} has the following
property: Any two sequencesy,...,Xn) and(yi,...,yn) from A differ in at
least three positions. Find the largest possible cardynafliA.
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