59-th Polish Mathematical Olympiad 2007/08

First Round
September 10 — December 10, 2007

1. Solve in real numbersy,z the system of equations

x> =5y*— 4z
y> = 52° — 4x
2 =54y

2. Inside a convex angle with vertéxis given a pointA. PointsX andY lie on
different rays of the angle so thBX = PY and the sumAX + AY is minimal.
Prove that/ XAP = ZYAP.

3. A sequencéa,) of integers is defined bsy = 1,a, = 2 and
ap=3a,_1+5a,_» forn=3,4,5,...
Does there exist an integle> 2 for whichay dividesay ., 18k 2.

4. Letn > 1 be a given integer. For each nonempty sudset{1,2,...,n} define
the numbemw(A) as follows: Ifa; > ay > --- > a are the elements @&, then
W(A) = a —ap+ag— -+ (—1)*a,. Find the sum of the numbevgA) over
all 2" — 1 possible subsets.

5. Find all triples(p, g, r) of prime numbers for which
pg+ar+rp and pi+o+rd—2par
are divisible byp+q+r.

6. Find all polynomial&V(x) with real coefficients such thsl (x>)W (x%) = W(x)®
holds for every real number

7. In a set ofn people, each of its®— 1 nonempty subsets is calledccampany.
Each company should elect a leader, according to the faligwle: If a com-
panyC is the unionAU B of two companie#\ andB, then the leader ot is also
the leader of at least one of the compariemndB. Find the number of possible
choices of leaders.

8. The base of a pyramiSABCD is a convex quadrilatersdBCD. A sphere is
inscribed in the pyramid and touches the b&®ECD at pointP. Prove that
ZAPB+ ZCPD = 180".

9. Determine the smallest real numizehaving the following property: For any
real numbers,y,z > a satisfyingx+y+ z= 3, it holds that® +y* + 22 > 3.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



10. A prime numbep is given. A sequence of positive integersay, ... satisfies
the relation
ani1=an+p[¥an) forn=123...

Show that there is a term in this sequence which igtie power of an integer.

11. PointsPy, P>, P3, Py, Ps, Ps, Py respectively lie on the sideBC, CA, AB, BC, CA,
AB, BC respectively of a triangl&BC, and satisfy

/PIP,.C = ZAPP; = /PsPyB = ZCPyPs = /PsPsA = /BPsP;, = 60°.
Prove that, = .

12. Let be given an integen > 2. Find the smallest integar> mwith the property
that, for every partition of the s€im m-+1,...,n} into two subsets, one of the
subsets contains three numbayb, ¢ (not necessarily distinct) withb = c.
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