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1. Let be given a polygon with rational side lengths and all angles equal to 90◦ or
270◦. A ray of light starts at one of the vertices of the polygon andgoes in the
direction of the interior angle bisector at that vertex. Theray reflects according
to the law of reflection. Prove that the ray will eventually enter some vertex of
the polygon.

2. Decide whether there exist a primep and nonnegative integersx,y,z such that
(12x +5)(12y +7)= pz.

3. Find all functionsf : Q → Q such that for all rationalx,y

f (x2 + y) = x f (x)+ f (y).

4. An acute-angled triangleABC is given. Consider all equilateral trianglesXYZ
in this plane such that the pointsA,B,C lie on the segmentsYZ,ZX ,XY , respec-
tively. Prove that the centers of trianglesXYZ lie on a single circle.

5. For positive integersm andn, let N(m,n) denote the number of non-decreasing
sequences ofm terms from the set{1,2, . . . ,n}. Show thatN(m,n + 1) =
N(n,m+1).

6. Supposec is a real number such that the polynomialP(x) = x5−5x3+4x−c has
five real zeroesx1,x2,x3,x4,x5. Compute in terms ofc the sum of the absolute
values of the coefficients of the polynomial

Q(x) = (x− x2
1)(x− x2

2)(x− x2
3)(x− x2

4)(x− x2
5).

7. Find all positive integer solutions of the equationa2 + b2 = c2 such thata andc
are prime andb is a product of at most four prime numbers.

8. PointP lies inside a tetrahedronABCD. Prove that

∠APB +∠BPC+∠CPD+∠DPA > 360◦.

9. Let be given nonconstant polynomialsW1(x),W2(x), . . . ,Wn(x) with integer co-
efficients. Prove that for some integera all the numbersW1(a),W2(a), . . . ,Wn(a)
are composite.

10. A convex polygon has an even number of sides. The length ofeach side is either
2 or 3, and the number of sides of each length is even. Show thatthere exist two
vertices of the polygon that bisect its perimeter.
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11. Let O be the circumcenter of an isosceles trapezoidABCD with the basesAB
andCD. PointsK,L,M,N respectively lie on the sidesAB,BC,CD,DA so that
KLMN is a rhombus. Prove thatO lies on the lineKM.

12. Letn ≥ 5 be an integer. Find the number of solutions in real numbersx1, . . . ,xn

of the system

x3
i−2 + x3

i−1+ x3
i = x4

i + x3
i+1+ x2

i+2 for i = 1,2, . . . ,n,

wherex−1 = xn−1, x0 = xn, x1 = xn+1, x2 = xn+2.
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www.imomath.com


