43-th Mongolian Mathematical Olympiad 2007

Final Round
Ulaanbaatar, May 5-11

Grade 11
First Day

1. LetM be the midpoint of the sidBC of triangleABC. The bisector of the exterior
angle of poinfAintersects the sidBC in D. Let the circumcircle of triangl&DM
intersect the linesB andAC in E andF respectively. If the midpoint oEF is
N, prove thatMN| AD.

2. For alln > 2, leta, be the product of all coprime natural numbers less than
Prove that

(@) njan+1<n=24p% 2p".
(b) n|an— l<n # 2a4a pa72pa'
Herep is an odd prime number arad € N.

3. LetP be a point outside of the trianghBC in the plane ofABC. Prove that by
using reflection§ag, Sac, andSgc across the lineAB, AC, andBC one can shift
pointP in the triangleABC.

Second Day

4. If a,b,c € R anda,b,c > 0 prove that

b ¢ a2+ b2+c?
-+ =—>3 ) —.
c a ab+bc+ca

5. Given an x ntable with non-negative real entries such that the sumstatsnin
each column and row are equal, a player plays the followimgegal' he step of
the game consists of choosingells no two of which share a column or a row,
and subtracting the same number from each of the entrieg afdélls, provided
that the resulting table has all non-negative entries. @tbat the player can
change all entries to zeros.

ol

6. Given a quadrilateraABCD simultaneously inscribed and circumscribed, as-
sume that none of his diagonals or sides is a diameter of themscribed circle.
Let P be the intersection point of the external bisectors of thigeemneaA and
B. Similarly, letQ be the intersection point of the external bisectors of trgdem
C andD. If JandO respectively are incenter and circumcenteABCD prove
thatOJ L PQ.
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Teachers — secondary level

First Day

1. Find the number of subsets of the $&t2,3,...,5n} such that the sum of the
elements in each subset are divisible by 5.

2. Given 101 segments in a line, prove that there exist 11 eetsnmeeting in 1
point or 11 segments such that every two of them are disjoint.

3. Let p be an ood prime number. L&t be primitive root modulop. Find
all the values ofp such that the setd = {k2+1 :1<k< p%l} and B =

{gm r1<m< p%l} are equal modul.
Second Day

4. If x,y,z€ N andxy = 22+ 1 prove that there exist integeasb, c,d such that
x=a?+b? y=c?+d? z=ac+hd.

5. Given a poinP in the circumcirclew of an equilateral triangl&BC, prove that
the segment®A, PB, andPC form a triangleT. Let R be the radius of the
circumcirclew and letd be the distance betweéhand the circumcenter. Find
the area off .

6. Letn= pi’l---pg’S > 2. Ifforanya e N, pj—1f a, wherei =1,2,... s, prove
thatn| ¥ gcz: @ whereZy = {a€ Zn : (a,n) = 1}.
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