37-th Mongolian Mathematical Olympiad 2001

Final Round

Grade 10
First Day

1. Suppose that a sequengex, ..., X201 Of positive real numbers satisfies
3Xﬁ+1 = MXnXnt1 — np1— ZXﬁ +Xn and Xz7 = X001
Find the maximum possible value xf.

2. In an acute-angled trianghBC, a, b, c are sidesm,, my, mc the corresponding
mediansR the circumradius andthe inradius. Prove the inequality

2 2 2 2 2 2
a‘+b® b+c° cc+a >16R2rmarno me

atb b+fc cta — a b ¢

3. Leta,bbe coprime positive integers witheven anda > b. Show that there exist
infinitely many pairgm, n) of coprime positive integers such that a"~* —b"~1
andn|a™ ! —pm1,

Second Day

4. On a line are given > 3 points. Find the number of colorings of these points
in red and blue, such that in any set of consequent pointsifieeethce between
the numbers of red and blue points does not exceed 2.

5. LetA B,C,D,E,F be the midpoints of consecutive sides of a hexagon with par-
allel opposite sides. Prove that the poiABNDE, BCNEF, ACNDF lie on a
line.

6. Some cells of a 18 10 board are marked so that each cell has an even number
of neighboring (i.e. sharing a side) marked cells. Find tlaimum possible
number of marked cells.
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Teachers

First Day

1. Prove that for every positive integethere exists a polynomial(x) of degreen
with real coefficients, having distinct real roots and satisfying

POX)P(4—X) = p(x(4—X)).

2. For positive real numbels, by, ..., b, define

b1
by +by+--- by b bye g
1 1 1
Provethaty +a;+ - +an< —+ —+---+ —.
a @ an
3. Letk > 0 be a given integer. Suppose that there exist positiveénsegd and an
odd integem > 1 such thad | m? — 1 andm| nd + 1. Find all possible values

Ofmzk—l
—.

ap

Second Day

4. Some cells of ar2x 2n board are marked so that each cell has an even num-
ber of neighboring (i.e. sharing a side) marked cells. Firelnumber of such
markings.

5. ChordsAC andBD of a circlew intersect aE. A circle that is internally tangent
tow at a pointF also touches the segmem& andEC. Prove that the bisector
of ZAFB passes through the incenterAREB.

6. On atennis tournament any two of thparticipants played a match (the winner
of a match gets 1 point, the loser gets 0). The scores aftéotlieament were
ri <rp,<-..-<rp. A match between two players is calladong if after it the
winner has a score less than or equal to that of the loser.i@arthe set = {i |
ri >i}. Prove that the number of wrong matches is not less Ean —-i+1),

IS

and show that this value is realizable.
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