Moldovan Team Selection Tests 2002

First Test
March 13

1. Consider the triangular numbérs= M neN.

(a) Ifanis the last digit ofT,,, show that the sequenca,) is periodic and find
its basic period.

(b) If s, is the sum of the first terms of the sequenc@,), prove that for every
n > 3 there is at least one perfect square betwsggenands,.

2. Prove that there exists a partition of the get {1%,2%,...,200C} into 19
nonempty subsets such that the sum of elements of each ssilabesible by
2007.

3. The circled 1(01), [2(03), '3(03) are such thaf; andl, are externally tan-
gentatA, '», '3 are so aB, andl's,[1 are so aC. LetA; andB; be points o ;
diametrically opposite té\ andB respectively, and IeAB; meetl ', again at\,
BA; meetl 3 again atN, andAA; andBB; meet atP. Prove that point$1,N, P
are collinear.

4. The sequendg,(x), n € N of polynomials is defined as follows:

Po(X) =X, Pr(X) =4 +3x,
Pri1(X) = (4x2 4+ 2)Pa(X) —Py_1(x) forn>1.

For every positive integen, we consider the s&(m) = {P,(m) | n € N}. Show
that the set#&\(m) andA(m+ 4) have no common elements.

Second Test
April 6
1. Positive numbera, 3,X1,X2,...,X, (n > 1) satisfyx; + X2+ --- + Xy = 1. Prove

that
2 3 2 1
+ ot > :
axy+BXx  axp+ Bxa axp+Bx1 ~ n(a+P)

2. Let A be a set containingkdconsecutive positive integers, whete> 1 is an
integer. Find the smallektfor which the sefA can be partitioned into two subsets
having the same number of elements, the same sum of elerttentsame sum
of the squares of elements, and the same sum of the cubesredrate

3. AtriangleABC is inscribed in a circld”. PointsM andN are the midpoints of
the arcsBC andAC respectively, an® is an arbitrary point on the aiB (not
containingC). Pointsl; andl, are the incenters of the triangla®C andBDC,
respectively. If the circumcircle of triang®l;1, meets” again atP, prove that
trianglesPNI; andPMI, are similar.
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4. LetC be the circle with cente®(0,0) and radius 1, and(1,0), B(0, 1) be points
on the circle. Distinct pointé\;,Ay,...,A, 1 on C divide the smaller ar&\B
into n equal partsrf > 2). If B is the orthogonal projection o% on OA (i =
1,...,n—1), find all values of such thaP, AT + PASP + ... +- Py 1AXP is an
integer for every positive integer.

Third Test
April 7

1. Prove that for every integer> 1 there exists a polynomid(x) with integer
coefficients such tha&(1),P(2),...,P(n) are distinct powers of two.

2. Let A= {aj,ay,...,an} be a set ofn > 1 positive real numbers. For each
nonempty subset oA the sum of its elements is written down. Show that all
written numbers can be divided intoclasses such that in each class the ratio of
the greatest number to the smallest number is not greate2tha

3. Atriangle ABC is inscribed in a circld. For any pointM inside the triangle,

A; denotes the intersection of the rAil with I'. Find the locus of poini for
BM-CM

1

which is minimal, and find this minimum value.

4. LetP(x) be a polynomial with integer coefficients for which therestsia pos-
itive integern such that the real parts of all roots B{x) are less tham — %
polynomialx — n+ 1 does not dividé>(x), andP(n) is a prime number. Prove
that the polynomiaP(x) is irreducible (ovefZ|x]).
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