42-nd Moldova Mathematical Olympiad 1998

Final Round — Chisinau, March 16-17

Grades7 and 8
First Day

1. Eight keys are provided for eight rooms in which an olyrdpidll be organized.
However, it is not indicated which key corresponds to whisbm. What is the
minimum number of trials that guarantees opening all thensd

2. LetD andE be the midpoints of the sidesB andBC of a triangleABC. Point
M is taken on sidéC so thatME > CE. Prove thaAD > MD.

3. Pacala and Tandala received their annual salariémmknotes of 13 lei (the
currency of Moldova). In a restaurant, Pacala orders &gsef bread, 10 glasses
of juice, and 7 sausages, and Tandala orders 5 piecesasf ifglasses of juice,
and one sausage. The prices of a piece of bread, juice andgsaaee integer
numbers of lei. Show that if Pacala can pay his order witinéeger number of
banknotes without change, then Tandala can do so as well.

4. Two casks with capacities afandb liters were filled up with juices of different
prices per liter. We simultaneously take 999 liters of juien each cask and
pour it into the other cask. The resulting mixtures in the tasks have equal
price per liter. Ifa andb are integers with the smallest possible sum, firathd
b.

Second Day

5. There aren pupils and a box with candies. The first pupil took one candy an
one tenth of the rest. Then the second pupil took two candidae tenth of
the rest, and so on. It turned out that all pupils took the sanmeber of candies.
How many pupils and candies were there?

6. A car moves with the speed 90 km/h down the vales, 72 km/hlain pnd 60
km/h uphill. The car covers the distance from tofimo townB in 5 hours and
from townB to townA in 4 hours. Find the distance between the tov@dB.

7. LetA=ar..a,_1a, andB =ar...a,_1 + 4an be the decimal representations of
two natural numbera, B. Prove that is divisible by 13 if and only if so i8.

8. In a convex pentagdhiBCDE, K, L, M, N are the midpoints of sidesB, AE, CD,
BC, andP andQ are the midpoints dKM andLN, respectively. Prove th&Q
is parallel toDE andPQ = IDE.
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Grade9

First Day

1. For all real numbera,b,c,d, e, prove the inequality

a+b?+c?+d?*+ € >ab+ac+ad+ae

2. Letn be a positive integer ant}, = 22"(22"+1 _ 1),

(a) Find the units decimal digit .
(b) Show that the tens digit &, is 2.

3. For each triangl&BC with a fixed perimeter g, the tangent to the incircle of
the triangle parallel t8C and distinct fronBC meets the sides of the triangle at
M andN.

(a) Prove that the length &N is maximal whemAC + AB = 3BC.

(b) Show that in this case the rathd /IA; does not depend on the triangle,
wherel is the incenter andy the intersection point ol andBC.

4. Given a pairx,y) of real numbers, each of the paips+ 1,y + 2x+ 1), (§, %)
for y # 0 and(ax, a?y) for a € R\ {0} can be obtained. Starting from the pair

(35,1998), can one obtain the pai8, 4)?
Second Day

5. At a school party which the whole class attended, whereey dances with
some girl for the first time, he gives her a candy. This way trst §jirl received
4 candies, the second one 5 candies, the third one 6, and sAlbthe girls
received 130 candies in total. It is known that the last gariced with each boy.
How many girls and boys were there in the class?

6. We are given 1998 weights with the massegg 1.,1998. For whicin from the
set{2,3,4,5} can the weights be divided intogroups with the same mass?

7. A pupil chooses an integer, multiplies it withd@ and rounds it up to an inte-
ger, and then again multiplies the result by®and rounds it up to an integer,
obtaining 8. Which number did he choose?

8. Circlesk; andk; intersect each other, and a cir&dgwith centerO touchesk;
andk; internally atA andB respectively. A line is tangent g atC and toky
atD. LetE be the foot of the perpendicular fro@nto CD. Show that the lines
AC,BD, andOE are concurrent.

Grade 10
First Day
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1. Solve in real numbers the equation]¢g+ /X) = logz x.

2. Solve in real numbers the equati x-1 = @Jr ‘—1x— 452,
X+ 2 9 3

3. In a triangleABC the bisector of anglé& meets the sid8C at A; and the cir-
cumcircle again afy,. PointsB1,B, andC;,C, are analogously defined. Show

that
AA B1B> CiCy 3

BA,+AC CBy;+BA AC,+CB — 4

4. A cube with side 45 is divided into unit cube cells, 1998 d¢iiet are populated
by bacteria. Later on the bacteria occupy each cell whichesha face with at
least three occupied cells. Can the bacteria occupy alledfattye cube?

Second Day

5. Prove that for any positive integethe number
E =666"+648"+ (—1)""1684"

is divisible by 1998.

6. A sequencéan),_; satisfiesay +ax+---+an = n?a, for eachn. For which
values ofay is ajgggan integer?

7. A setA of integers has the property that for ally € A, x—y also belongs to
A. Suppose that 1998 A and that the segmeifit-100,100 contains not less
than 33 and not more than 66 element®\oHow many elements ok does the
segmen{—1998 1998 contain?

8. A circle k is externally tangent to circldg andky with respective center®;
andO; at pointsA andB, respectively. A line touchdg atC andk; atD so that
CD andAB are on different sides of [in@;0,. Prove that the point&, B,C and
D are concyclic.

Grade 1l
First Day

1. The sequenc@,) is defined bya; = 19,a, = 98 and

an —an—i forn>1
2 ant1 -

Show that there exists a natural numbeior which a,, = 0 and determine it.
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2. Letan:1+%+%+~~~+%forneN. Prove that for any > 2,

aﬁ>2(%+%+---+?).

3. Two parallel planesr and 3 are given. A sphere is tangent toxr at pointT.
Two distinct linesa andb throughT meetB atC andD and the sphere atB
andA, respectively. Prove that the poitsB,C, D lie on a circle.

4. We are given a chessboard 1988998, colored in the usual way.

(&) Show that one can choose several squares and put a coatbrse that
every row or column contains exactly 42 coins.

(b) If the coins are arranged in such a way, prove that the eumibcoins on
black squares is even.

Second Day

5. A sequence is defined by

1 _
== and a,= a1 forn> 1.

2 2na, 1+1
Evaluatea; +ap+ - - - + a1998

6. Find all functionsf : Q — R with the property thaf (—8) = 0 and
f(x+y) = f(x)+ f(y)+3xy(x+y+6)—8 forallx,ye Q.

7. Spheres; ands, intersect each other, and a spheyevith centerO touchess;
ands; internally atA andB respectively. A plane is tangent $p atC and tos,
atD. Let E be the foot of the perpendicular fro@to this plane. Show that the
linesAC,BD, andOE are concurrent.

8. A polynomial P(x) with integer coefficients has an integral root. Prove that
P(1995P(2000) cannot be a power of 7.
Grade12

First Day

1. Problem 1 for Grade 11.

2. Find all polynomial$?(x) with real coefficients satisfying

P(x)2+P <)—1(>2 =P(x*)P (X—lz) for all x> 0.
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3. Problem 3 for Grade 11.
4. Problem4 for Grade 11.

Second Day

Problem 5 for Grade 11.
Problem 6 for Grade 11.
Problem 7 for Grade 11.

(a) Can the seX = [0,1] be partitioned into two nonempty subsétsandB
for which there is a continuous functidn X — X such thatf (A) ¢ Band
f(B) C A?

(b) The same question fot = [0,1).
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