40-th Moldova Mathematical Olympiad 1996

Final Round

Grade7
First Day

1. The three-digit numbebc is divisible by 37. Show that so is the numibea+
cab.

2. Find two distinct rational numbers with the denomina®end 13 such that the
difference between them is as small as possible.

3. In anisosceles trianghBC, AD is the altitude to the bad8C, andM a point on
sideAC. Prove thaDB — DM < AB — AM.

4. Two friends got employed and started with the job at JanLiai 996. The first
one has one free day after three consecutive working dayig thle second one
has three free days after seven working days. Determine titeetwo friends
will have the first free day in common in year 2000.

Second Day

5. Numbersys,yo,...,y25 are a permutation of integers, Xo, ..., xo5. Show that
the produci{xy —y1)(X2 — y2) -+ (Xn — Yn) iS even.

6. Find the largest possible value of the ratio of a threétdigmber to its sum of
digits.
7. Aline b through the verteX of a triangleABC is perpendicular to the bisector

AD of the angleA. Find the pointM on line b that minimizes the perimeter of
the triangleMBC.

8. Fourty children attend a primary school in a village. BMsvo children have a
common grandfather. Show that at least one grandfathertiaeast 21 grand-
children in the school.

Grade8
First Day
1. How many nine-digit numbers are there which end with 1986 @ e divisible
by 19967?

2. A polynomial f(x) = X" +ai;x""1 + - +an with rational coefficients has a ra-
tional rootr. Show thatr is an integer and that for every integer f(m) is a
multiple ofr —m.
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3. Two circles intersect &l andN. On the first circle is chosen a poiat different
from M andN. Lines AM and AN meet the second circle again BtandC,
respectively. Prove that the tangent to the first circl& et parallel toBC.

4. There are 2+ 1 given objects. There ai ways of selecting a set containing an
odd number of objects, aridl ways of selecting a set containing an even number
of objects. Show thal = N.

Second Day
5. Letx andy be positive integers witly = 199599, Prove thatx+y is not a
multiple of 1996.
6. Find all real solutions of the equatian- [x] = [3x— 2.

7. In the plane are givemZoints. Show that there is a non-intersecting polygonal
line with vertices at these points.

8. A chess player won 40 points in 100 matches. What is therdiffice between
the numbers of victories and defeats of that player?

Grade9
First Day

1. By deleting the last (decimal) digit, a natural numberésr@ased by 1996. Find
all such numbers.

2. Prove thafl+a+a+a®)? < 4(1+a?+a*+a°) for all reala.

3. LetB andB; be points on sidé&K of a triangleADK, with B; betweenA and
B. The lines througtB andB; parallel toAD meetDK atC andC;, respectively.
The mediarkKN of triangle ADK intersectsBC at M. Show that the line$C,
NC;, andB;M are either concurrent or parallel.

4. Each of the three referees gives each of the ten skaterglafromm 1 to 10
points. It is known that only one skater got the smallest séippmts. Which is
the largest possible value of this smallest sum, assumaigetich referee gave
each of the marks 1 to 10?

Second Day

5. Letn be a natural number. Prove thdt2n? is a multiple of 5 if and only if so
isn?. 2"+ 1.

6. Find all real solutions of the equation

1 1
2_ 12 o 12
X 2[x 2] 2+3[2x 3].
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7. Three circleky, ko, ks are tangent to each other at three distinct points. We say
that pointsA andB on two different circles (distinct from their tangency pdin
arecorrespondent if the line joining them contains the tangency point. et
ki, B e ky, C € ks andD € k; be such thatA andB, B andC, C andD are
correspondent. Show thaD is a diameter ok;.

8. In afactory, every regular tetrahedron is colored withftbur given colors, each
face with a different color. How many different coloringsoase have?

Grade 10
First Day

1. Letn= 213.31.57 Find the number of divisors @f which are less thanand
do not dividen.

2. Different quadratic trinomial§(x) andg(x) are monic and satisfy
f(—12) + £(2000) + f (4000 = g(—12) + g(2000) + g(4000).
Find all real numberg satisfying the equatiofi(x) = g(x).

3. Through the vertices of a given triangle tangents to itsuencircle have been
drawn. The distances from an arbitrary point to the vertafethe triangle are
a,b, ¢, and the distances to the tangextg z. Prove that? +b%+ ¢ = xy+yz+
.

4. Two brothers have soldlambs at the price afi dollars each. The brothers di-
vided the income between themselves in the following wag dlder brother
took 10 dolars, then the younger took 10 dollars, then therdtbk another 10
dollars, and so on. At the end, there were less than 10 ddtatke younger
brother, so he took a pocket-knife from the elder brotherstimaking the divi-
sion fair. What was the value of the pocket knife?

Second Day
5. Prove that for any integers,n > 2, at least one of the numbef#n and {/mis

not greater thar/3.

6. If ag,ay,...,a1996are nonpositive real numbers, prove the inequality

281 4 2% 4 ... 4 DR1996 < 1995 QA1 Taxt+ 1906

7. In a triangleABC, the perpendicular bisectors of sid&S andAC intersect lines
AC andBC respectively aM andN. Let O be the circumcenter of trianghkBC.
Prove that:

(&) PointsA,B,M, N, O lie on a single circle;
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(b) The radius of circld is equal to the circumradius of triangiéNC.

8. In a pile of 1996 apparently equal coins two are fakes, @iggcheavier and one
being lighter then a regular coin. Using a balance withoales; determine in at
most four measurings whether the mass of the two fakes isHaasequal to, or
more than the mass of two regular coins.

Grades11 and 12
First Day

1. Prove the equality

i+i+ +i—1+i+i+ +;
666 667 1996 2.3-4 5-6-7 1994-1995- 1996
2. Prove that the product of the solutions of the equati@®96¢°%1996% — %6 is an
integer and find the last four digits of this integer.

3. Two disjoint circlesks, ko with centerdD; andO,, respectively, are given in the
plane. A common external tangent touckeat A andk, atB. Line 010, meets
ki andk, atC andD, respectively. Prove that

(a) pointsA,B,C,D are concyclic;
(b) linesAC andBD are perpendicular.

4. Amongn apparently equal coins, less than a half are fakes difféerimg the
regular coins by weight. Prove that it is possible to find asteone regular coin
in at mostn — 1 measurings with a balance without scales.

Second Day

5. Let p be the number of functions from the sgt,2,....m} to {1,2,...,36}
(wherem € N), and letq be the number of functions from the ddt 2,...,n} to
{1,2,3,4,5} (wheren € N). Find the smallest possible value|pf— q|.

6. Solve the equationé — 3x = 2x\/x2 — 3x+ 1 in the set of real numbers.

7. Different pointsA,B,C, D, E on a sphere are such that the segmé&@andCD
intersect afF and pointA,C, F are equidistant from poiti. Prove that the lines
BD andEF are perpendicular.

8. Twenty children attend a primary school in a village. Busvo children have a
common grandfather. Show that at least one grandfathertieast 14 grand-
children in the school.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



