46-th Moldova Mathematical Olympiad 2002

Final Round — Chisinau, March 11-12

Grade7
First Day

1. Seven pupils on a vacation decided to send postcardsho#aer, each sending
a postcard to exactly three other pupils. Is it possible daath pupil receives
postcards exactly from those who receive his postcards?

2. Real numbera, b, c satisfya+ b+ c= 1. Prove the inequality

a?+b?4c? > 4(ab+ac+bc) — 1.

3. An acute angl®EF and pointsB andC on the rayEF are given. Find the
position of pointA on the rayED for which the sumAB + AC is minimal.

4. Twelve teams participated on a soccer tournament. Acugitd the rules, a
team gets 2 points for a victory, 1 for a draw, and 0 for a defé&hen the
tournament was over, all teams had distinct numbers of goamid the team that
ranked second had as many points as the teams on the lastdoesph total.
Who won the match between the fourth and eighth place teams?

Second Day

5. VolumeA equals one fourth of the sum of volumBsandC, while volumeB
equals one sixth of the sum of volum&sandC. Find the ratio of volume€ to
the sum of volume# andB.

6. Five parcels of land are given. In each step, we divide aregb into three
or four smaller ones. Assume that, after several steps,uh®ar of obtained
parcels equals four times the number of steps. How many stepsperformed?

7. In atriangleABC, the angle bisector & intersectsAC atD and the circumcircle
again ate. The circumcircle of the triangIBEA meets the segmeAB again at
F. Show that the triangld3BC andDBF are congruent.

8. Find the number of triple&, b, c) of integers satisfying the equalities

2a—b+6 b-2c 2a+b+2c-2
da+c+2 a-c  Ga+2c—2

Grade 8
First Day

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



1. Find all real solutions of the equati¢q + [x+ :—ZL] + {x—i— ﬂ =2002.

2. Given a positive integdk, find all positive integers with the property that one
can obtain the sum of the firatpositive integers by writing sonledigits to the
right of n (in the decimal system).

3. Let P be a given point inside the circlg(O,R). For every chordAB of the
circle passing througP, lett; andt, be the tangents to the circle Atand B
respectively, andil andN be the feet of the perpendiculars frd?rto t; andts.

Prove that the quantit&lm + % is independent of the choice of choid.

4. All internal phone numbers in a certain company have fagitd The director
wants the phone numbers of the administration offices toisbokdigits 1,2,3
only, and that any two of these phone numbers coincide in at oree position.
How many distinct phone numbers can these offices have?

Second Day

5. Several pupils wrote a solution of a math problem on thekidaard on the
break. When the teacher came in, a pupil was just clearingldekboard, so
the teacher could only observe that there was a rectandiehétsides of integer
lengths and a diagonal of length 2002. Then the teachergabmit there was a
computation error in the pupils’ solution. How did he cordgithat?

6. From a set of consecutive natural numbers one number isded so that the
arithmetic mean of the remaining numbers is50 Find the initial set of num-
bers and the excluded number.

7. In a triangleABC, the bisectors of the anglesBandC meet the opposite sides
at B; andC;,, respectively. Lefl be the midpoint 0AB;. LinesBT andB;C;
meet atE and linesAB andCE meet atL. Prove that the line$L andB,C; have
a point in common.

8. Find the maximum and minimum values of the expression

(14x)8+16x*

E= (1+x2)

, XeR.
Grade9
First Day

1. Real numbera # 0, b, c are such that the functif(x) = ax? + bx 4+ ¢ satisfies
|f(x)| <1forallx e [0,1]. Find the greatest possible value|af+ |b| +|c].
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2. Does there exist a positive integer- 1 such than is a power of 2 and one of
the numbers obtained by permuting its (decimal) digits is\agr of 3?

11 1 . .
3. Prove that for any € N the number 4 3 + £ +- 4 il is not an integer.

4. LetABCD be a convex quadrilateral and Mton sideAD andM on sideBC be
points such thaAN/ND = BM /MC. The linesAM andBN intersect aP, while
the linesCN andDM intersect afQ. Prove that ifSagp + Scpg = Supng, then
eitherAD || BC or N is the midpoint ofAD.

Second Day

5. Integersay, ay, ..., a9 satisfy the relationsy, 1 = aﬁ + aﬁ +ax+ 2 for k=
1,2,...,8. Prove that among these numbers there exist three with anoom
divisor greater than 1.

6. The coefficients of the equati@x? + bx + ¢ = 0, wherea # 0, satisfy the in-
equality(a+ b+ c)(4a— 2b+c) < 0. Prove that this equation has two distinct
real solutions.

7. Leta,b,c be positive real numbers. Prove that

a n b . c -
2a+b 2b+c 2c+a—

8. The circleC; andC, with centerdD; andO, respectively are externally tangent.
Their common tangent not intersecting the segn@y@, touchesC; at A and
C, atB. LetC be the reflection ofA in O;0, andP be the intersection &C and
010;,. Line BP meetsC, again atL.. Prove that lineCL is tangent to the circle
Co.
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Grade 10

First Day

1. We are given three nuggets of weights 1kg, 2kg and 3kgaaang different
percentages of gold, and need to cut each nugget into twe parthat the ob-
tained parts can be alloyed into two ingots of weights 1kg Bkgl containing
the same proportion of gold. How can we do that?

2. Letn > 3 distinct non-collinear points be given on a plane. Showtiere is a
closed simple polygonal line passing through each point.

3. The incircle of a triangl&BC is centered alt and tangent to sidesB, BC,CA at
C1,A1, By, respectively. IB; is the midpoint of the sid8C, prove that the lines
B;1l, A1C1, andBB; have a common point.

4. The numbers 2,...,2n+ 1 are written in the cells of &n+ 1) x (2n+1)
board so that the numbers in each row or column are distinopp&se that
the arrangement of the numbers is symmetric with respebitonain diagonal.
Show that all numbers on the main diagonal are distinct.

Second Day

5. Find all triples of prime numbers of the forfp,2p+1,4p+1).

6. Leta,b,cbe real numbers with > b > c > 1. Prove the inequality

log.log. b+ log, log,a+ log,log,c > 0.

7. There are 16 persons in a company, each of which likeslg@other persons.
Show that there exist two persons in this company who liké edcer.

8. In atriangleADB;, the angle af\ is not right. SquareABCD andAB;C;D; with
centersO; andO,, respectively, are constructed in the exterior of the gian
Prove that the circumcircles of trianglBaB;, DAD; andO;AO, have acommon
point other tharA.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



Grade 11

First Day

1. The sequencéa,) is defined bya; € (0,1) andans1 = an(1—ap) for n > 1.
Prove tha‘E1 limna, = 1.

2. For every nonnegative integeand every real numberprove the inequality

n
|cosx| + |cosX| + |cos&| +---+|cos2x| > —=.

2V2
3. Let & be a polyhedron whose all edges are congruent and tangersiptoeze.

Suppose that one of the faces@f has an odd number of sides. Prove that all
vertices ofZ lie on a single sphere.

4. At least two of the nonnegative real numbaisa,, ... ,a, are nonzero. Decide
whethera or b is larger, where

_ 2002/ 22002 2002 _ 2003/ 2003 2003
a= \/al +---+ag or b= \/a1 + - +agtve

Second Day

5. Solve inR the equation/I—x = 2x2 — 1+ 2xv/1 — 2.

6. Can a square of side 1024 be partitioned into 31 squares? 8quare of side
1023 be partitioned into 30 squares, one of which has a sidgHenot exceeding
1?

7. Letaandb be distinct positive numbers. Prove the inequality

a—b a+b
Vab < Ina—lnb< 2

8. The circumradius of a tetrahedrdBCD is R, and the lengths of the segments
connecting the verticea, B,C,D with the centroids of the opposite faces are
equal tomy, My, M, andmy, respectively. Prove that

16
Ma + My + M+ My < ER.

When does equality hold?
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Grade 12

First Day

1. Consider the functiof : [1,00) — R, f(x Prove that for

anynreal numbersg,Xo, ..., X, > 1,

- /X dt
~J1 t+20022002

f(x1)+ f(x2)+ -+ f(Xn) <InX1+X2+"'—|—Xn
n - n '

2. Let (x1,¥1), (X2,¥2), (X3,y3) be three distinct collinear points of the det=

{(x,y) € R? | x3 =y? # 0}. Prove that + 2 4 % _,
yi Y2 Y3

3. Solve the equatiox® — 20x> + 80x — 80= 0 in the complex numbers.

4. A sequence of positive integers is written on the blackthaa follows: The first
term is 4, and every further term is obtained by multiplyitgyprecedent by 3
and adding 4. How many terms divisible by 2002 are there anttom{jrst 2002
terms?

Second Day

5. Real numbera, b, ¢ satisfy 0< a < b < ¢ < 3. Prove the inequality

(a—b)(a?—9)+ (a—c)(b?—9) + (b—c)(c>— 9) < 36.

6. Let AB,C be distinct points on a line, and be the circle with centeA and
radiusr. PointsM andN on circlel" are diametrically opposite. Find the locus
of the intersection point of the linddM andCN.

7. If (x,y) is a point on the ellipsé : x? + 9y? = 18, find the smallest possible value
of the expressior? + 3xy + 9y + x+ 3y.

8. Forn € N, definea, = sin3g+ 3sin’33—T£ 4+t 3”*13in33—nn. Prove that the
sequencéay) converges when — oo and find its limit.
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