45-th Moldova Mathematical Olympiad 2001

Final Round — Chisinau, March 11-12

Grade7
First Day

1. Prove thayy/3— 2x+xy/3— 2y < x?+y? for any numbers,y € [1,3]. When
does equality occur?

2. LetS(n) denote the sum of digits of a natural numimerFind all n for which
n+S(n) = 2004.

3. Alined; (i = 1,2, 3) intersects two opposite sides of a squaEBED at pointsiV;
andN;. Prove that ifViiN; = MuN, = M3Ngs, then two of the linesl; are either
parallel or perpendicular.

4. Find all permutations of the number221...,9 in which no two adjacent num-
bers have a sum divisible by 7 or 13.

Second Day

5. Leta,b,c,d be real numbers. Prove that the bet= {ax®+ bx? + cx+d | xe R}
contains no irrational numbers if and onlyaif= b = ¢ = 0 andd is rational.

6. Two sides of a quadrilaterABCD are parallel. LeM andN be the midpoints of
BC andCD respectively, andP be the intersection point &N andDM. Prove
that if AP = 4PN, thenABCD is a parallelogram.

7. Letn be a positive integer. We denote Byhe sum of elements of the dét=
{xeN|(n-1)?<x< (n+1)%}.
(a) Show thaSis divisible by 6.
(b) Find alln € N for which S+ (1 —n)(1+ n) =2001.

L . mn+1
8. Prove that every positive integecan be written ak = m——:_n wherem,n are

positive integers.

Grade 8
First Day

135 2001 1
<_ .......
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2. If ne N anday,ay,...,a, are arbitrary numbers in the intervid, 1], find the
maximum possible value of the smallest among the numagrsajay,a, —

aag, ..., an — andy.

3. In a triangleABC, the line symmetric to the median throughwith respect to
the bisector of the angle &tintersect8C at M. PointsP on AB andQ on AC
are chosen such thMP || AC andMQ || AB. Prove that the circumcircle of the
triangleMPQ is tangent to the linBC.

(a+b)(b+c)(c+a)
- abc

4. Find all integers that can be written , Wherea,b,c are

pairwise coprime positive integers.
Second Day

5. Consider all quadratic trinomiai€ 4 px+ g with p,q € {1,...,2001}. Which
of them are more numbered: those having integer roots, gethaving no real
roots?

6. Find the intersection of all sets of consecutive posiiitegers having at least
four elements and the sum of elements equal to 2001.

7. The incircle of a triangl@BC is centered a© and touche#\C,AB and BC at
pointsK,L,M, respectively. The mediaBB; of AABC intersectsMN at D.
Prove that the point®, D, K are collinear.

8. LetSbe the set of positive integexdor which there exist positive integeysand
msuch thay? — 2™ = x2.

(a) Find all the elements &
(b) Find allx such that botkx andx+ 1 are inS.

Grade9

First Day

1. Real numberb > a > 0 are given. Find the numbeiin [a, b] which minimizes
the value of max |5*| [a< x < b}.

2. Prove that the sum of two consecutive prime numbers isrreepeoduct of two
prime numbers.

3. During a fight each of the 38 cocks has torn out exactly oathér of another
cock, and each cock has lost a feather. It turned out that graoy three cocks
there is one who hasn't torn out a feather from any of the dthercocks. Show
that it is possible to kill 6 cocks and place the rest into twalmouses in such a
way that no two cocks, one of which has torn out a feather fioenother one,
stay in the same henhouse.
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4. In a triangleABC the altitudeAD is drawn. Point$vl on sideAC andN on side
AB are taken so that MDA = ZNDA. Prove that the lineAD,BM andCN are
concurrent.

Second Day

5. Show that there are nine distinct nonzero integers suthtibir sum is a perfect
square and the sum of any eight of them is a perfect cube.

6. Prove that for any integer> 1 there are distinct integeasb, c betweem? and
(n+1)? such that dividesa® + b?.

7. A line is drawn through a vertex of a triangle and cuts twat®imiddle lines
(i.e. lines connecting the midpoints of two sides) in the saatio. Determine
this ratio.

8. Suppose tha, b, c are real numbers such tHat(2+bx+c| <lfor-1<x<1.
Prove thatcx? +bx+a| <2 for -1 <x < 1.

Grade 10

First Day
1. Find all real solutions of the equation

2
X2+y2+22+t2:xy+yz+zt+t—g.

2. Prove that there are no 2003 odd positive integers whas#upt equals their
sum. Is the previous proposition true for 2001 odd positiegers?

3. During a fight each of the 2001 cocks has torn out exactlyfeather of another
cock, and each cock has lost a feather. It turned out that graoy three cocks
there is one who hasn't torn out a feather from any of the diliercocks. Find
the smallesk with the following property: It is always possible to kiklcocks
and place the rest into two henhouses in such a way that nodaksgcone of
which has torn out a feather from the other one, stay in theed@nhouse.

4. In a triangleABC, the angle bisector & intersectBC atD. The tangents dD
to the circumcircles of the trianglé8D andACD meetAC andAB atN andM,
respectively. Prove that the quadrilatefMIDN is inscribed in a circle tangent
to BC.

Second Day

5. Leta,b,c be real numbers such thgx? + bx+c| < 1 for -1 < x < 1. Prove
that|cx® + bx+a] <2for—-1<x< 1.
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1 1
6. Seta, = neN. Provethatzgal+a2+---+an§éforall n.

n
n*+3n2+4’

7. Let ABCD and AB'C'D’ be equally oriented squares. Prove that the lines
BB1,CC,;,DD; are concurrent.

8. A box 3x5x 7 is divided into unit cube cells. In each of the cells thera is
cockchafer. At a signal every cockchafer moves through a &ddts cell to a
neighboring cell.

(a) What is the minimum number of empty cells after the signal

(b) The same question, assuming that the cockchafers maliagonally ad-
jacent cells (sharing exactly one vertex).

Grade 11

First Day

1. Consider the sé¥l = {1,2,....n}, n € N. Find the smallest positive integkr
with the following property: In everk-element subse$ of M there exist two
elements, one of which divides the other one.

2. Letm> 2 be an integer. The sequen@)ncy is defined byay = 0 anda, =
[n/m] + &g,y for all n. Determine lim—.

n—oo N

3. For an arbitrary poinb on sideBC of an acute-angled trianghBC, let O; and
O be the circumcenters of the triangl&BD andACD, andO be the circumcen-
ter of the triangleAO;0,. Find the locus 0D whenD runs over siddC.

4. LetP(x) = X" +ayx" 1 + .- 4 a, (n > 2) be a polynomial with real coefficients
havingn real roots, ..., b,. Prove that foxg > max{bs,...,bn},

1 1
P(xo+1 +t > 2n?,
o) (g i) 2

Second Day

5. Prove that the sum of the number2.1.. n divides their product if and only if
n+1is a composite number.

6. For a positive integet, denoteA, = {(x,y) € Z2 | x>+ xy+y? = n}.

(a) Prove that the sd, is always finite.
(b) Prove that the number of elementsAgfis divisible by 6 for alln.
(c) For whichnis the number of elements 8§, divisible by 12?
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7. Seta, = —————, n€ N. Prove that the sequen&g=a; +ay+ - -- is
bounded and find its limit.

8. If a3, ay,...,a, are positive real numbers, prove the inequality

1 1 >1
1 1 1 1 1 1 = n
1+a; 1+a l1+a, a & an
Grade12
First Day

1. The sequence of functiorfg: [0,1] — R (n> 2) is given by f, = 14+xP-1y
X2 et S, denote the area of the the figure bounded by the graph of the
function f, and the linex = 0,x = 1 andy = 0. Compute

i <\/§+\/$+---+\/§)"_

n

n—oo

2. A regularn-gon is inscribed in a unit circle. Compute the product frofixad
vertex to all the other vertices.

3. Find all polynomial$(x) with real coefficieints such th&(x?) = P(x)P(x — 1)
forallx e R.

4. In atriangleABC, BC = a, AC =b, /B = 3 andZC = y. Prove that the bisector
of the angle af is equal to the altitude fromB if and only ifb = acosB—;y.

Second Day

5. For each integar > 2 prove the inequality

log,3+logz4+---+log,(n+1) < n+Inn—0.9.

6. Prove that if a positive integer divides the five-digit numberaiazazazas,
b1bobsbsbs, T1C,C3C4Cs, didodsdads, E1663€465, then it also divides the deter-
minant

Q & a3 u as
by by by by bs
D=|c Cc € C Cs
di dp d3 ds ds
€ €& € €& 6
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7. Letf :[0,1] — R be a continuously differentiable function such thiéky) = 0
for somexp € [0,1]. Prove that

1 1
/ f(x)zdx§4/ (%) dx.
JO JO

8. LetP be the midpoint of the ar8C of a circle, and be a point on the araP.
Let M andN be the projections d? onto the segmen®&C andBC respectively.
Prove that ifD is the intersection of the bisector gfABC and the segmem#C,
then every diagonal of the quadrilateBIDMN bisects the area of the triangle

ABC.
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