44-th Moldova Mathematical Olympiad 2000

Final Round — Chisinau, March 13-14

Grade7
First Day

1. What is the greatest possible number of Fridays by thelfaie a year?

2. Prove that if real numbeesb, ¢, d satisfya® + b? + (a+b)? = ¢+ d? 4 (c+d)?,
then they also satisfg +b*+ (a+b)* = c*+d* + (c+d)*.

3. Consider the seity = {1}, A, ={2,3,4}, A; ={5,6,7,8,9}, etc. Leth, be the
arithmetic mean of the smallest and the greatest elemefyt.irShow that the
2000 2000 2000

bi—1 b—1 " bhono—1

4. The orthocented of a triangleABC is not on the sides of the triangle and the
distanceAH equals the circumradius of the triangle. Find the measur&rof

number is a prime integer.

Second Day

5. Several crocodiles, dragons and snakes were left on amdislAnimals were
eating each other according to the following rules. Every afathe breakfast,
each snake ate one dragon; at the lunch, each dragon atecmoelitz; and at
the dinner, each crocodile ate one snake. On the Saturdaytlaét dinner, only
one crocodile and no snakes and dragons remained on thd.istdow many
crocodiles, dragons and snakes were there on the Mondayisaime week
before the breakfast?

6. A natural numben > 5 leaves the remainder 2 when divided by 3. Prove that
the square of is not a sum of a prime number and a perfect square.

7. The Fibonacci sequence is definedMy= F; =1 andF,,» = Ry, 1 + F for
n > 0. Prove that the sum of 2000 consecutive terms of the Filmsaquence
is never a term of the sequence.

8. PointsD andN on the sidesAB and BC and pointsE, M on the sideAC of an
equilateral trianglABC, respectively, withE betweenA and M, satisfy AD +
AE = CN +CM = BD + BN + EM. Determine the angle between the lirizfsl
andEN.

Grade8
First Day
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. Find all positive integera for whicha?°%0— 1 is divisible by 10.

2. Thirty numbers are arranged on a circle in such a way th&t Bamber equals
the absolute difference of its two neighbors. Given thatsilva of the numbers
is 2000, determine the numbers.

3. Suppose thah,n > 2 are integers such that+n— 1 dividesn? +n?> — 1. Prove
that the numbem+ n— 1is not prime.

4. LetABCDEF be a regular hexagon ambe a point on the shorter akd- of its
circumcircle. Prove that the value of
AP+ BP+CP+DP
EP+FP

is constant and find this value.
Second Day

5. An airline offer 2000 two-way routes connecting 64 towm&icountry. Show
that it is possible to reach any town from any other town usiregpffered routes.

6. Assuming that real numbexsandy satisfyy(1 + x?) = x (\/ 1-—4y2— 1) , find
the maximum value ofy.

7. For any real numbex, prove the following inequality:
(a®+a®+43)? > 4a3(a—1)2

8. Arectangular parallelepiped has dimensiaris c that satisfy the relationeB+
4b+ 10c =500, and the length of the main diagonakZ Find the volume and
the total area of the surface of the parallelepiped.

Grade9
First Day

1. Leta,b,cbe real numbers with,c # 0. Prove that if is a real root ofx?+ bx+
c =0 andsa real root of-ax?+ bx+c= 0, then there is a root 03x2+ bx+4c=
0 betweerr ands.

2. Prove that ifa,b,c are integers witla+b+c = 0, then 2%+ 2b* + 2¢* is a
perfect square.

3. The diagonals of a convex quadrilateA8CD are orthogonal and intersect at a
pointE. Prove that the projections & on AB,BC,CD, DA are concyclic.
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4. A rectangular field consists of 1520 unit squares. How nrantangles & 1 at
most can be cut out from this field?

Second Day

5. Solve in real numbers the equation

(x> —3x—2)2—3(x*—3x—2) —2—x=0.

6. Find all nonnegative integensfor which n® — n? is not divisible by 72.

7. In a trapezoid\BCD with AB || CD, the diagonal#\C andBD meet atO. LetM
andN be the centers of the regular hexagons constructed on tee/dcandCD
in the exterior of the trapezoid. Prove thatO andN are collinear.

8. Initially the number 2000 is written down. The followingeration is repeatedly
performed: the sum of the 10-th powers of the last numberittsamrdown. Prove
that in the infinite sequence thus obtained, some two numtiéise equal.

Grade 10

First Day

1. Suppose that real numbety, z satisfy

COSX+COSy+COSZ  sinX+siny+sinz

cogx+y+2) sin(x+y+2)

Prove that ca+Yy) + cogy + z) + cogx+2z) = p.

2. Show that if real numbers< 1 < y satisfy the inequality
2lgx+1g(1—x) > 3lgy+Ilg(y—1),
thenx® +y3 < 2.

3. For every nonempty subs¥tof M = {1,2,...,2000}, ax denotes the sum of
the minimum and maximum element Xf Compute the arithmetic mean of the
numbersax whenX goes over all nonempty subsetf M.

4. LetA1Ar... A, be aregular hexagon aidl be a point on the shorter afg A, of
its circumcircle. Prove that the value of
AoM +AgM +--- + Ay M
AiM + AnM

is constant and find this value.
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Second Day

5. Find all functionsf : R — R that satisfyf (x+y) — f(x—y) = 2y(3x? +y?) for
allx,y € R.

6. Find all real values of the parametefor which the system

1+ (M2 —12x+92+ 22 = a
logg (x2—3x+1717)+32 = a+logy(2y+3)

has a unique real solution. Solve the system for these valies

7. In an isosceles triangBC with BC = AC, | is the incenter an@® the circum-
center. The line throughparallel toAC meetsBC atD. Prove that the lineBO
andBI are perpendicular.

8. Two circles intersect &l andN. A line throughM meets the circles & and
B, with M betweenA andB. LetC andD be the midpoints of the aréN and
BN not containingM, respectively, an& andL be the midpoints oAB andCD,
respectively. Prove th&lL = KL.

Grade 1l
First Day

1. Positive numnbera and b satisfy at%994- b?000 > 52000 4 2001 proye that
42000, 2000 5.

2. Solve the system
36y —27° = 8,
43 —27xy* = A4

3. The excircle of a triangl&BC corresponding té\ touches the sidBC atM, and
the point on the incircle diametrically opposite to its gadhtangency withBC
is denoted byN. Prove thatA, M, andN are collinear.

4. Find all polynomiald?(x) with real coefficients that satisfy the relation

P(x—1)+P(x+1)
3 .

1+P(x) =

Second Day

5. For a positive integep, define the functiorf : N — N by f(n) =af +--- +af,
whereay, ..., anm are the decimal digits ai. Prove that every sequentia)y
of positive integers, which satisfieg, 1 = f(by) for all k, has a finite number of
distinct terms.
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6. Let(an)n>0 be a sequence of positive numbers that satisfy the reladjops 1 <
a? for alli € N. For any integen > 1, prove the inequality

8+ +8 At tan1 8+ ta1 &t +a
n+1 n—1 - n n '

7. A triangle whose all sides have lengths greater than 1 i¢ageed in a unit
square. Show that the center of the square lies inside tregls.

8. In an isosceles triangBC with BC = AC and/B < 60°, | is the incenter and
O the circumcenter. The circle with centBrthat passes through, O and|
intersects the circumcircle @R ABC again at poinD. Prove that the lineBE
andBO intersect on the circumcircle éBC.

Grade 12

First Day

1. Letl=d; < dy < --- < dym = n be the divisors of a positive integey wheren
is not a perfect square. Consider the determinant

n+d; n n
D_ n n+d, --- n
n n < N+doy

(a) Prove thah™ dividesD;
(b) Prove that 1 d; +dy+ - - - + dony, dividesD.

2. Forne N, define
1 1 1

h=mtmt+t -t
@ © ()
(a) Prove that the sequenigg= aj} is convergent and compute its limit.
. V3+V2
(b) Show that lim_.., by > (3) .

3. For anyn € N, denote bya, the sum 2+ 22+ 2224 .-+ 22...2, where the last
summand consists afdigits 2. Determine the greatasfor which a, contains

exactly 222 digits 2.

4. Let f : [0,1] — R be a continuous function such th_ﬁixmf(x) =0 form=
0,1,...,1999. Prove that has at least 2000 zeroes on the segnf&ri.

Second Day
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5. Prove that there is no polynomR(x) with real coefficients that satisfies
P (x)P"(x) > P(x)P"(x) forallxeR.
Is this statement true for the thrice differentiable realdiions?

6. Show that there is a positive numigesuch that/J'xP sinxdx = 1/2000Q

7. Prove that for any positive integethere exists a matrix of the form

c
b
a Y
1

e NNl
OO r Y
oOr 2T

(a) with nonzero entries,
(b) with positive entries,

such that all the entries @ are perfect squares.

8. A circle with radiug touches the sidesB, BC,CD, DA of a convex quadrilateral
ABCD atE, F,G,H, respectively. The inradii of the trianglE8F, FCG, GDH,HAE
are equal taq,ro,r3,rs. Prove that

r+ro+rz+rqg> 2(2—\/5)[
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