14-th Macedonian Mathematical Olympiad 2007

April 14

1. Leta,b,cbe positive real numbers. Prove that

14 3 - 6
ab+bc+ca— a+b+c’

2. In a trapezoidABCD with a baseAD, pointL is the orthogonal projection &
on AB, andK is the point orBC such thatAK is perpendicular té\D. Let O be
the circumcenter of trianglaCD. Suppose that the lingK, CL andDO have a
common point. Prove th&BCD is a parallelogram.

3. Natural numbera, b andc are pairwise distinct and satisfy
alb+c+bc, b|ct+a+ca, c|la+b+ab.
Prove that at least one of the numbayb, c is not prime.

4. Find all functionsf : R — R that satisfy

fOC+y%) =x2f(x)+yf(y?) forallxyeR.

5. Letn be a natural number divisible by 4. Determine the numberjethbonsf
onthe sef1,2,...,n} such thatf (j)+ f~1(j)=n+1forj=1,...,n
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