7-th Korean Mathematical Olympiad 1994

Final Round
First Day — April 16, 1994.
1. LetSbe the set of all nonnegative integers. Determine all fomstf,g,h: S— S
satisfying the following two conditions:

() f(m+n)=g(m)+h(n)+2mnforanymne S
(i) g(1)=h(1)=1.

2. Leta,ﬁ, y be the angles ofa triangle. Prove that
a }3 y
— —+ - >
CSC,2 > —‘,—CS(,2 > CS(,2 > 12

and find the conditions for equality.

3. In a triangleABC, | and O are the incenter and circumcenter respectively,
A,B',C' the excenters, an@ the circumcenter oNA'B'C’. If RandR are
the circumradii of triangleaBCandA'B'C/, respectively, prove that

() R=2R and (i) 10’ =2l0.
Second Day — April 17, 1994.

4. Consider the equatiof — k = x3, wherek is an integer.
Prove that the equation cannot have five integer solutiotiseoform
(X1,¥1), (X2,¥1— 1), (X3,Y1 = 2), (Xa,y1 — 3), (X5,y1 — 4).

Also show that if it has the first four of these pairs as integmuotions, then
k=17 (mod 63).

5. Given a seSC N and a positive integen, let S¢ {n} = {s+n|se S}. The
sequencé of sets is defined inductively as follows:

S ={1}, S=(Sc1®{k})U{2k—1} fork=23,4,...

(a) DeterminaN\ | J S..
k=1
(b) Find alln for which 1994€ S,.

6. Leta, B,y be the angles oA ABC.

(@) Show that cdsxr + cog B + cog y = 1 — 2 cosa cosp cosy.
(b) Giventhat cos : cosp : cosy =39:33: 25, find sim : sinf : siny.
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