
14-th Korean Mathematical Olympiad 2001

Final Round

First Day – April 14, 2001

1. Given an odd primep, find all functionsf : Z → Z that satisfy:

(i) If m≡ n (mod p), then f (m) = f (n);

(ii) f (mn) = f (m) f (n) for all m,n∈ Z.

2. Let P be a given point inside a convex quadrilateralO1O2O3O4. For each
i = 1,2,3,4, consider the linesl that pass throughP and meet the raysOiOi−1

andOiOi+1 (whereO0 = O4 andO5 = O1) at distinct pointsAi(l) andBi(l), re-
spectively. Denotefi(l) = PAi(l) ·PBi(l). Among all such linesl , let l i be the
one that minimizesfi . Show that ifl1 = l3 and l2 = l4, then the quadrilateral
O1O2O3O4 is a parallelogram.
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and find all cases of equality.

Second Day – April 15, 2001

4. For given positive integersn andN, let Pn be the set of all polynomialsf (x) =
a0 +a1x+ · · ·+anxn with integer coefficients such that:

(i) |a j | ≤ N for j = 0,1, . . . ,n;

(ii) The set{ j | a j = N} has at most two elements.

Find the number of elements of the set{ f (2N) | f (x) ∈ Pn}.

5. In a triangleABC with ∠B < 45◦, D is a point onBC such that the incenter of
△ABD coincides with the circumcenterO of △ABC. Let P be the intersection
point of the tangent lines to the circumcircleO′ of △AOCat pointsA andC. The
linesAD andCO meet atQ. The tangent toO′ at O meetsPQ at X. Prove that
XO= XD.

6. For a positive integern ≥ 5, let ai ,bi (i = 1,2, . . . ,n) be integers satisfying the
following two conditions:

(i) The pairs(ai ,bi) are distinct fori = 1, . . . ,n;

(ii) |a1b2−a2b1| = |a2b3−a3b2| = · · · = |anb1−a1bn| = 1.

Prove that there exist indicesi, j such that 1< |i− j|< n−1 and|aib j −a jbi|= 1.
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