14-th Korean Mathematical Olympiad 2001

Final Round
First Day — April 14, 2001

1. Given an odd prime, find all functionsf : Z — Z that satisfy:

@) If m=n(modp), thenf(m) = f(n);
(i) f(mn)=f(m)f(n)forallmneZ.

2. Let P be a given point inside a convex quadrilate@alO,030,4. For each
i =1,2,3,4, consider the linekthat pass througR and meet the ray®;O; 1
andO;0;1 (whereOgp = O4 andOs = O3) at distinct pointAi(1) andB;(l), re-
spectively. Denotdi(I) = PA(l)-PBi(I). Among all such lines, letl; be the
one that minimized;. Show that ifl; = I3 andl, = l4, then the quadrilateral
010,030, is a parallelogram.

3. Letxq,Xp,..., % andys, Yz, ..., yn be arbitrary real numbers satisfying+ x3 +
o+ X2 =y24yi+ .- +y2=1. Prove that

(X1y2 —Xay1)? < 2

n
1-% XYk
and find all cases of equality.
Second Day — April 15, 2001

4. For given positive integersandN, let P, be the set of all polynomial§(x) =
ap + arx+ - - - + apX" with integer coefficients such that:

(i) Jaj| <Nforj=0,1,...,m
(i) The set{||a; =N} has at most two elements.

Find the number of elements of the ${2N) | f(x) € B,}.

5. In a triangleABC with /B < 45°, D is a point onBC such that the incenter of
AABD coincides with the circumcent€ of AABC. Let P be the intersection
point of the tangent lines to the circumcir€éof AAOCat pointsA andC. The
lines AD andCO meet atQ. The tangent t@' atO meetsPQ at X. Prove that
XO=XD.

6. For a positive integen > 5, leta;,b; (i = 1,2,...,n) be integers satisfying the
following two conditions:
(i) The pairs(a;,h;) are distinctfori = 1,...,n;
(ii) |aghy —aghy| = |aghs —aghy| = - - = |anby — asby| = 1.

Prove that there exist indiceg such that k |i — j| < n—1and|ajb; —a;b;i| = 1.
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