12-th Korean Mathematical Olympiad 1998/99

First Round — November 1998

1. Consider the polynomial
F(¥) = (143" + (14X ++ (1+x)™,
whereng, ny,....ng are positive integers. For each positive integefind the

minimum of the coefficient ak, as thek-tuple (ng,...,ny) varies over allk-
tuples with sum.
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2. For all natural numberms, n, prove that + > 1.
vyn+1 vm+1

3. Equilateral triangle®\BM and CDP are drawn outside a convex quadrilateral
ABCD, and equilateral triangléeBCN andDAQ are drawn insid&BCD. Suppose
that among the pointsl,N, P,Q, no three are on a line. Prove thdiNPQ is a
parallelogram.

4. On the coordinate plane, a piece can move 1 right or 1 up pgemnFind the
number of possible ways for the piece to move from péiD) to (n,n), not
passing through any of the poirlts 1), (2,2),...,(n—1,n—1).

Find the number of ways of choosing 1998 ones from the matrithat no two
of them are in the same row or column.

5. Consider the matriA = (a;)$29 given byaj = 1if i > j andajj = 0 otherwise.

6. Leta,b,c be positive real numbers withbc > 1. Prove that

1 N 1 N 1 -1
a+bt+ct at+b+ct at+bt4c

7. If 1 is the incenter of a triangl&BC, prove that

2 2 2

|A2+1B241C2 > w_

8. Prove that the equatior + y® = 72 has infinitely many solutions in integers
X,y,zwith gcd’x,y,z) = 1.
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