10-th Korean Mathematical Olympiad 1996/97

First Round — November 10, 1996

1. Show that among any four points in a unit circle, theretawis whose distance
is at mosty/2.

2. Supposd : N — N is a function satisfying:
@) f(n+f(n)) = f(n)foralln;
(i) For someng € N, f(ng) =1.
Prove thatf(n) = 1 foralln € N.

3. Expressi_;[V/K| in terms ofn anda = [,/n].

4. A circle C touches the edges of an ang{l®Y, and a circleC; touches these
edges and passes through the centé.of et A be the second endpoint of the
diameter ofC; containing the center o, and letB be the second intersection
point of this diameter witlC. Prove that the circle centeredApassing through
B touches the edges afXOY.

5. Find all integers, y, z satisfyingx? + y2 + 72 = 2xyz.

6. Find the smallest integde for which there exist two sequencés) and (by),
i=1,2,...,k such that:

(i) a,bj € {1,1996199¢,...} forall i
(i) & # b foralli;
(i) & <ay1andb <bj fori=1,... k—1;
(V) 38 =3 b
7. LetA, be the set of all real nhumbers of the form
148 % o

vz e v

Find the number of elements @&, and find the sum of all products of two
distinct elements oA,.

aj €{-1,1}.

8. In an acute triangl&BC with AB # AC, letV be the intersection of the angle
bisector ofA with BC, and letD be the foot of the altitude frorA. If the circum-
circle of AAVD meet<CA again aE andAB atF, show that the line8D, BE,CF
concur.
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