
8-th Korean Mathematical Olympiad 1994/95

First Round – November 13, 1994

1. On the plane are given finitely many points, such that the area of any triangle
with vertices in the given points is always less than 1. Show that all these points
lie inside a triangle of area 4.

2. For a given positive integerm, find all pairs(n,x,y) of positive integers such that
m,n are coprime and(x2 + y2)m = (xy)n.

3. Let A,B,C be points on a given circle, andP,Q,R be the midpoints of
arcsBC,CA,AB (not containingA,B,C), respectively. LinesAP,BQ,CR meet
BC,CA,AB at L,M,N, respectively. Prove that

AL
PL

+
BM
QM

+
CN
RN

≥ 9.

When does equality hold?

4. A partition of a positive integern is a sequence of positive integers(λ1, . . . ,λk)
such thatλ1 + · · ·+ λk = n andλ1 ≥ ·· · ≥ λk ≥ 1. Eachλi is called a summand.
Show that, for a positive integerm with m >

1
2m(m+1), the number of partitions

of n into n distinct summands is equal to the number of partitions ofn− 1
2m(m+

1) into at mostm summands.

5. If three points are selected at random on a given circle, find the probability that
these three points lie on a semicircle.

6. Show that any positive integern > 1 can be expressed as a sum of natural num-
bers satisfying the following conditions:

(i) none of them has prime factors other than 2 or 3;

(ii) none of them divides any other.

In other words,n = ∑N
i=12αi3βi , whereαi,βi ∈ N0 and(αi−α j)(βi−β j) < 0 for

i 6= j.

7. Find all functionsf : R\ {0}→ R that satisfy

1
x

f (−x)+ f

(

1
x

)

= x for all x 6= 0.

8. Two circlesO1 andO2 of radii r1 andr2 respectively intersect atA andB. For
any pointP onO1, linesPA andPB meetO2 atQ andR, respectively.

(a) Expressy−QR in terms ofr1,r2, andθ = ∠APB.

(b) Show thaty = 2r2 is a necessary and sufficient condition for the circlesO1

andO2 to be orthogonal.
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