9-th Japanese Mathematical Olympiad 1999

Final Round — February 11

1. One can place a stone at each of the squares of ax12999 board. Find the
minimum number of stones that must be placed so that, for amktsquare
on the board, the total number of stones placed in the cayneipg row and
column is at least 1999.

2. Let f(x) = x4 17. Prove that for every integer> 2 there exists a natural
numberx for which f (x) is divisible by 3 but not by 3+1,

3. Suppose 2+ 1 weights(n € N) satisfy the following condition: If any one
weight is excluded, the remainingh2veights can be divided into two groups
of nweights each which balance each other. Prove that all thghtseare equal.

4. Prove that the polynomidi(x) = (x2+ 12)(x? +22)--- (x? + n?) + 1 cannot be
expressed as a product of two polynomials with integer amefits of degree
greater than one.

5. All side lengths of a convex hexagdBCDEF are 1. LetM = max{|AD|, |DE|, |CF|}
andm= min{|AD|, |DE|,|CF|}. Find possible ranges & andm.
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