8-th Japanese Mathematical Olympiad 1998

Final Round — February

1. Letp > 3 be a prime number and 18p,Ay, ..., Ap_1 be points on a circle in this
order. Foreachk=1, 2,..., p we write the numbek at pointA .. _1). How
many points have at least one number written at them?

2. In a country there are 1998 airports connected by sometdiights. Among
any three airports, some two are not connected by a dirett flig/hat is the
maximum possible number of direct flight?

3. LetPP,... R, be a closed polygonal line. The external angldlat defined
as 180 — aj, whereaqi; is the oriented angle between the ré&8B8 1 andRP .1
taken in the rang€0°,360°) (herePy = P, andP, 1 = P1). Prove that if the sum
of the external angles is a multiple of 72@hen the number of self-intersections
of the polygonal line is odd.

4. Letcnm be the number of permutations ff, 2, ..., n} which can be written as
the composition ofn transpositions of the forri,i +1) (i € {1,...,n—1}) but
not of m— 1 such transpositions. Prove that forak N,

> enmt" = |‘l(1+t+ R
m=0 i=

5. A marker with one white side and one black side is put on edct? points
around a circle. A legal move consists of selecting a blackkeraand revers-
ing its two neighbors. Find all initial configurations whichn be reduced to a
configuration with all markers but one white in finitely maegl moves.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



