Japanese Mathematical Olympiad 1996

Final Round — February 11

1. Aplaneis partitioned into triangles. L& denote the set of vertices of triangles
in the partition. LetABC be a triangle withA B,C € .7 and 8 be its smallest
angle. Assume that no point ok lies inside the circumcircle ofABC. Prove
that there exists a triangtein the partition such that its intersection withABC
is nonempty and whose every angle is greater than

Remark. This problem is clearly wrong. We have it here so someonedcoul
potentially recognize the problem and tell us the correet on
2. Letm,n be positive integers wittm,n) = 1. Find (5™ + 7™ 5"+ 7).

3. Letx > 1 be a real number which is not an integer. For eachN, leta, =
[x"1] — x[x"]. Prove that the sequengay) is not periodic.

4. Let 0 be the maximum of the six angles between six edges of a re@tahe-
dron in space and a fixed plane. When the tetrahedron is dotatgpace, find
the maximum of.

+5

5. Letgbe areal numberwitl%z— < (q< 2. Ifapositive integenis represented
in binary system as = 2K+ 2~ 1a,_; + - .-+ 2a; 4 ap, wherea; € {0,1}, define
pn =+ a1+ +ga + a.

Prove that there exist infinitely many positive integersvith the property that
there is nd € N such thatpom < P < Pome1-
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