1-st Japanese Mathematical Olympiad 1991

Final Round — February 15

1. LetP,Q andR be points on the sideBC,CA andAB of a triangleABC respec-
. — — - — —
tively, such thaBP : PC=CQ: QA= AR:RB=t: (1—t) for some real number
t. Prove that there is a trianglewhose side lengths aAP, BQ,CR, and find the
ratio of the area of triengl&BC to that ofA in terms oft.

2. Letpandqgbe mappings fronN to itself given by

p(l) = 2a p(2) = 3a p(?’) =4, p(4) =1 p(n) =n forn>5;
q1)=3, q2=4, q@B3)=2 q#4) =1 qn)=nforn>5.

(a) Find a mappind : N — N such thatf (f(n)) = p(n)+2 forn > 1.

(b) Prove that there is no mappigg N — N such thag(g(n)) = q(n) + 2 for
n>1.

3. Let A be a positive 16-digit integer. Show that we can find some exuts/e
digits of Awhose product is a perfect square.

4. Let be given a 1& 14 matrix(a;j) with eacha;; being equal to 0 or 1, such that
each column or row contains an odd number of ones. Prove thene thea;
with an everi + j there are an even number of ones.

5. A setS of distinctn > 2 points is given on a plane. Show that there are two
distinct pointsR, P; € Ssuch that the circle with diamet&P; contains at least
[n/3] of the points fronS,
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