11-th Japanese Mathematical Olympiad 2001

Final Round — February 11

1. Each square of am x n chessboard is painted black or white in such a way that
for every black square, the number of black squares adjdoents odd (two
squares are adjacent if they share one edge). Prove thauthken of black
squares is even.

2. An integem > 0 is written in decimal system a&am_1...a:. Find alln such
that

n=(am+1)(@m 1+1)---(ar+1).

3. Three nonnegative real numbexd, ¢ satisfya® < b? +c2, b? < ¢? + a2 and
¢? < a®+b?. Prove the inequality

(a+b+c)(@+b*+c?) (@ +b>+c®) > 4%+ b+ ).
When does equality hold?

4. Let p be a prime number anch a positive integer. Show that there exists a
positive integen such that the decimal representatiorpbfcontains a string of
m consecutive zeros.

5. Suppose that triangl@8BC andPQR have the following properties:

(i) AandP are the midpoints o)R andBC respectively,
(i) QRandBC are the bisectors of BAC and ZQPR respectively.

Prove thatAB+ AC = PQ+ PR.
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