
15-th Iranian Mathematical Olympiad 1997/1998

Third Round

Time: 4 hours each day.

First Day

1. Let f1, f2, f3 : R → R be functions such thata1 f1 + a2 f2 + a3 f3 is monotonous
for all a1,a2,a3 ∈ R. Show that there exist real numbersc1,c2,c3, not all zero,
such that

c1 f1(x)+ c2 f2(x)+ c3 f3(x) = 0 for all realx.

2. Let X be a set ofn elements, andA1,A2, . . . ,Am be three-element subsets ofX
such that for all pairs of distinct indicesi, j, |Ai∩A j| ≤ 1. Prove that there exists
a subsetA of X with at least
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]

elements containing none of the subsetsAi.

3. The edges of a regular 2n-gon are colored red and blue in some fashion. A step
consists in recoloring each edge whose neighbors are both the same color in red,
and recoloring each edge whose neighbors are of opposite colors in blue. Prove
that after 2n−1 steps all of the edges will be red, and show that this needn’t hold
after fewer steps.

Second Day

4. Letn1 < n2 < · · · be a sequence of natural numbers such that fori < j the decimal
representation ofni does not occur as the leftmost digits of the decimal represen-
tation ofn j. (For example, 137 and 13729 cannot both occur in the sequence.)
Prove that
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5. LetABC be a triangle andD be the point on the extension of sideBC pastC such
thatCD = AC. The circumcircle ofACD intersects the circle with diameterBC
again atP. Let BP meetAC at E andCP meetAB at F . Prove that the points
D,E,F are collinear.

6. Let K be a convex polygon in the plane. Show that for any triangle ofthe
minimum possible area containingK , the midpoints of its sides lie onK .
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