
14-th Iranian Mathematical Olympiad 1996/1997

Third Round

Time: 4 hours each day.

First Day

1. Letn be a positive integer. Prove that there exist polynomialsf (x) andg(x) with
integer coefficients such that

f (x)(x +1)2n
+ g(x)(x2n

+1) = 2.

2. Suppose thatf : R → R has the following properties:

(i) f (x) ≤ 1 for all x;

(ii) f (x + 13
42)+ f (x) = f (x + 1

6)+ f (x + 1
7) for all x.

Prove thatf is periodic.

3. Letw1,w2, . . . ,wk be distinct real numbers with a nonzero sum. Prove that there
exist integersn1,n2, . . . ,nk such that∑k

i=1 niwi > 0, and for any non-identical
permutationπ of {1,2, . . . ,k}, ∑k

i=1 niwπ(i) < 0.

Second Day

4. Let P be a variable point on arcBC of the circumcircle of triangleABC not
containingA. Let I1 andI2 be the incenters of the trianglesPAB andPAC respec-
tively. Prove that:

(a) The circumcircle of△PI1I2 passes through a fixed point.

(b) The circle with diameterI1I2 passes through a fixed point.

(c) The midpoint ofI1I2 lies on a fixed circle.

5. Suppose thatf : R
+ → R

+ is a function such that for allx,y > 0

f (x + y)+ f ( f (x)+ f (y)) = f ( f (x + f (y))+ f (y + f (x)) ).

Prove thatf (x) = f−1(x).

6. A building consists of finitely many rooms which have been separated by walls.
There are some doors on some of these walls which can be used togo around
the building. Assume it is possible to reach any room from anyother room. Two
fixed rooms are marked byS andE. A person starts walking fromS and wants
to reachE.

A program P = (Pi)i∈I is anR,L-sequence. The person uses it as follows: After
passing through then-th door, he chooses the door just to the right or left from
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the door just passed, meaning thatPn is R or L, and gets through it. In a room
with one door, any symbol means selecting the door he has justpassed. The
person stops as soon as he reachesE.

Prove that there is a (possibly infinite) programP with the property that, no
matter how the structure of the building is, the person can reachE by following
it.
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