
16-th Iranian Mathematical Olympiad 1998/1999

First Round

Time: 3 hours each day.

First Day

1. Leta1 < a2 < · · · < an be real numbers. Prove that

a1a4
2 + a2a4

3 + · · ·+ ana4
1 ≥ a4

1a2 + a4
2a3+ · · ·+ a4

na1.

2. Given a natural numbern, ann-tuple(a1, . . . ,an) is said to begood if a1 + · · ·+
an = 2n and for no subsetS of {1,2, . . . ,n}, ∑i∈S ai = n. Find all goodn-tuples.

3. Let I be the incenter of a triangleABC andD the point of intersection of line
AI with the circumcircle of△ABC. PointsD and E are respectively the feet
of perpendiculars fromI to BD andCD. Given thatIE + IF = AD/2, compute
∠BAC.

Second Day

4. In a triangleABC we haveBC > CA > AB. PointsD andE are given on side
BC and rayAB respectively so thatBD = BE = AC. The circumcircle of triangle
BED meetsAC at P. Line BP meets the circumcircle ofABC at Q. Show that
AQ+CQ = BP.

5. Letd1 < d2 < d3 < d4 be the four smallest divisors of a natural numbern. Find
all n such thatn = d2

1 + d2
2 + d2

3 + d2
4.

6. For any twon-sequences of 0 and 1A = (a1, . . . ,an) andB = (b1, . . . ,bn), we
define their distance byd(A,B) = |{i | ai 6= bi}|. SupposeA,B,C are such se-
quences that satisfyd(A,B) = d(B,C) = d(C,A) = δ .

(a) Prove thatδ is even.

(b) Prove that there is a sequenceD such thatd(D,A) = d(D,B) = d(D,C) =
δ/2.
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